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Abstract

Matching and partitioning problems are fundamentals of computer vision applica-
tions with examples in multilabel segmentation, stereo estimation and optical-flow com-
putation. These tasks can be posed as non-convex energy minimization problems and
solved near-globally optimal by recent convex lifting approaches. Yet, applying these
techniques comes with a significant computational effort, reducing their feasibility in
practical applications. We discuss spatial discretization of continuous partitioning prob-
lems into a graph structure, generalizing discretization onto a Cartesian grid. This setup
allows us to faithfully work on super-pixel graphs constructed by SLIC or Cut-Pursuit,
massively decreasing the computational effort for lifted partitioning problems compared
to a Cartesian grid, while optimal energy values remain similar: The global matching is
still solved near-globally optimal. We discuss this methodology in detail and show exam-
ples in multi-label segmentation by minimal partitions and stereo estimation, where we
demonstrate that the proposed graph discretization can reduce runtime as well as memory
consumption of convex relaxations of matching problems by up to a factor of 10.

1 Introduction

Matching problems and the closely inter-related minimal partitioning problems are low-level
computer vision tasks that build a backbone for a variety of applications such as multi-label
segmentation [4], stereo estimation [17, 34] and optical flow estimation [7, 16]. However,
posing these problems as energy minimization problems leads to non-convex objectives that
are difficult to solve. In the last years, it has been demonstrated that functional lifting tech-
niques are very well suited for solving these non-convex minimization problems via convex
relaxations in a higher-dimensional space. Unfortunately, despite the precise solutions these
methods provide, they incur significant costs in memory and computational effort, due to the
high dimensionality of the lifted problem.
Consider the continuous minimal partitions problem, also referred to as piecewise-constant

Mumford-Shah problem [26], which builds the basis of the aforementioned computer vision
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Figure 1: Graph discretization on the left and segmentation by convex relaxation with 32 la-
bels, computed on the graph structure on the right. The segmentation is 3:03% less optimal
compared to relaxation on a full Cartesian grid, but requires only around 4:8% of computa-
tion time, the original problem has 4:9 mio. variables, and the reduced problem only 120k.

applications,
L z 1
min fk(X)+ = Per(W.R): 1)
kagL_: 1k=1 Py 2

Given a set of L potential functions fy we are looking for a paétmomng of the set Winto L
non-overlapping partitions fPgk_ ,, i.e. Pk \P = 0ifk 6 | and L | B = W[9]. Without the
regularizing perimeter term, the solution is given by arg max,, fx(x) for every x 2 W, but under
inclusion of the second term in (1), the perimeter of each partition Per(W, F) is penalized,
leading to spatially coherent solutions, where every point is "matched" to a partition, but the
global surface energy stays minimal.

Minimal partitions problems are abundant in imaging. In the discrete setting, they di-
rectly relate to the Potts model [33] and MRFs [4, 5]. This variability hinges on the choice
of potential functions fy. For multi-label segmentation, for example, we can consider each
fx to give the prior likelihood that the point X should be assigned label Kk, with the likeli-
hood being computed by model-based approaches [12] or returned as the output of a neural
network [11]. On the other hand, considering every partition with label K to encode a dis-
placement of Kk pixels between two stereo images, the same framework can be used to solve
stereo matching problems [45]. Further immediate examples include optical flow[16], scene
flow and multiview reconstruction [18].

To be able to solve Eq. (1), we minimize over a set of partitions. This discrete matching
problem at the heart of the minimal partitions problem is in general NP-hard. In practice, one
of the most powerful approaches is the solution of a suitable convex relaxation of the original
minimal partitions problem. To do so, the minimization over partitions is first replaced by
minimization over their characteristic functions ux : W ¥ f0; 1g, satisfying l|<_= LUk(X) =

1 8x2W,
L Z z

min fGJu()+ Duj; 2
fuges) k=1 W W
where we have equivalently replaced the perimeter of a set by the total variation of its charac-
teristic function, see [9]. In a next step, the functions Uk are relaxed to take values in the full
interval [0; 1], either directly [24, 44], or by jointly deriving tighter convex reformulations
of the regularizer [9]. Relaxation approaches often lead to near-optimal solutions with high
fidelity [30, 39], yet the computational effort amounts to solving a non-smooth, non-strongly
convex optimization problem over all functions Uy, each of which is usually discretized to be
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as large as the given potential functions. Especially whianlarge, memory costs quickly
become impractical for computer vision applications.

In this work we hence consider strategies to remediate the computational costs of f
tional lifting techniques, without majorly impeding their global matching capabilities. A
illustrated in Figure 1, we propose to rst discretize the problem on a precomputed gre
structure instead of a Cartesian grid, and then solve the convex relaxation on the graph.
strategy leads to signi cant computational advantages while sacri cing almost no accur:
in terms of the energy of the nal solution.

2 Related Work

The minimal partitions problem is a prime example of energy minimization methods in col
puter vision [8, 26, 36], which have found widespread use. In the context of convex rel:
ations of these partition problems, there have been works in as diverse applications suc
stereo estimation [30, 32, 34, 35, 43], optical ow [39, 40], segmentation [9, 24, 44, 46],a
optimization on manifolds [25], with algorithmic improvements such as [38].

Previous work discusses the optimal discretization of the continuous label dimension |
27, 28], reducing the computational effort of functional lifting in a variety of applications
In our work, we discuss an orthogonal direction of research, as we are discussing com
discretizations of the image space.

The choice of ef cient discretization of the input image data is directly related to supe
pixel approaches, e.g. [1, 42]. Their general idea is to generically reduce the computati
complexity of any (pixel-based) numerical algorithm, by locally grouping pixels of similg
color to larger superpixels. The most prominent algorithm in current practice is SLIC (Si
ple Iterative Linear Clustering) [1]. Ideally, the superpixel setup should also be chosen
an appropriate minimization procedure that adheres object edges. However, edge adhe
is often costly. An interesting exception is the Cut-Pursuit algorithm [20, 21], which solv
total variation minimization and related problems in a fast sequence of binary graph ci
making it competitive as a discretization step and leading to boundaries that better ad
with minimal partitions. This approach has been successfully applied in practice in st
works as [15, 22] and we will contrapose a superpixel structure generated by Cut Pur
with one generated by SLIC in our main comparison to a Cartesian grid.

3 Graph Discretizations for Convex Relaxations

3.1 Preliminaries

Let us rstintroduce our general notation. For the discrete setup we consider an undirec
graph structure is de ned by its vertice¥s edges connecting vertices V V and weights
of these edgew 2 RIEI. We refer to [13] for details.

The continuous minimal partition problem requires the de nition of the total variation c

Z

L
TV(u) = sup Wé u(X) divpe(¥) dx p2 CEWR? 1); & ipk(@i® 1 ;
k=1 k=1
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Figure 2: Sketch of the discretization process for a graph-based discretizhgéin.The
underlying continuous functiom2 BV (W, RY) is pictured in black, with piecewise-constant
partitionsP = f Pp; P; Ps; P4g shown in gray as well as the discrete graph structure in blue.
Right: A minimal partitions problem with two potentials is solved on this graph structure.
Pictured is the solution which now corresponds to a piecewise constant solution (in red
and green).

Note that the above de nition reduces T0/(u) = ékleWjNuk(x)j dx for smoothu. We
de ne uto be an element of the space of bounded varigBg(W; R") if TV(u) is Hite. We
can then identify this value with the mass of the distributional derivddugi.e. ,jDuj =
TV(u). The bounded Radon measiya can be decomposed [3, Thm. 10.4.1] into

Du= NuL%+ Cu+(u* u) nHY g )

whereL 9 is the Lebesgue measudg,is the jump set ofi, whereu* 6 u , i.e. the values at
the boundary differn, the normal of the boundary aritli a remainder Cantor part. In the
following we will consider functiona1 2 SBVW R"), which is the space of functions for
whichCu= 02, 27]. We further de ne the perimeter of a measurablesetW, Pe{W. P),

in turn by the total variation of its characteristic functiop: W! R [9], the boundary of a
setas[S= Snint(S), and the length of the bounda@, = TR\ TR between two setq; R
via

iGai=H? Y(Gq); (4)

where, againHY ! denotes thel 1-dimensional Hausdorff measure. These de nitions
allow us to examine the continuous boundary of shapes. Refer to Fig. 2, where these cont
uous objects are marked in red.

3.2 Graph Discretization

We are interested in solving the continuous minimal partition problems Eq. (2) numerically
To do so we need to translate the problem into the discrete setting. To take a step from t
continuous de nitions to a discrete problem, we make use of the fact that we expect solutior
u to the minimal partitioning problem to be piecewise constant with a nite number of
pieces. A good discretization to a nite setting that mimics this piecewise constant structur
exactly. We hence represent the discretization by a graph of candidate constant sets, tt
nodes of which represent each separate constant piece and where neighboring pieces i
connected by edges in the grapkfter solving the matching problem on this discrete graph,
the nal solutionu can be reassembled by assigning to each constant piece its matche
value according to the respective value of the node that represents it. This setup is sketct
in Fig. 2.
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Note that this is a generalization of a classical discretization to a Cartesian grid. Plac
a continuous function on a pixel grid corresponds to claiming that the function is piecewi
constant on every image pixel - hence the boundaries of the solutida the minimal
partitions problem will be a subset of the boundaries imposed by the image pixels.

In slight generalization of the minimal partitions problem in Eq. (2) we now discuss tt
type of continuous functionals : SBMW:RY) | R, that we want to represent discretely.
Due to the discontinuities 8BV, we de ne different components & on the continuous
parts and the jump pards of Eq. (3):

z z
F(u) = Foou();Nu(x) dx+  k ju™ u j jngdH? % (5)
Whdy Ju
whereN;u*:u refer to the decomposition detailed in Eq. (F.:W Rt R- 941 R
is a function de ned away from the jump set of whilek : R! R is a concave function
measuring the jump penalty with(0) = 0 [9, 27]. We can consider the rst term to be a
generalized data term, and the second as a (jump)-regularizer.

To connect the continuous formulation of Eq. (5) to a discrete setting we de ne tl
discretization as a nite set of candidate sets fR  Wj R\ P;= 0; 8j 6 igwith M = jPj
partitions. The continuous functiom2 SBVW R") is assumed to be constant on every
partition, so that we can denote its value on partit®2 P by a vectorc; 2 R-. Thus,
u(x) = ¢ for everyx2 B W. The partitionP can be represented by a set of notles

every boundary between sétsandP; asG; and by that de ne an edge st V V as
E=1(i;j))2V V]jGjj> 0,i 6 jg. Note, that the perimeter of some partitiBr2 P is
given by Peg = &;:j2e]Gjl-

Let us assume that our desired solution which minimizes Eg. (5), is piecewise con-
stant. More formally, given some partitidh let us writeu 2 SB\b (W:R") to denote con-
tinuous functions inBV which are piecewise constant on the regioninand assume
u 2 SBW(WRLY). This implies that the jump se}, is a subset of (:j)2eGj and that
WnJ, is a subsef 2y R, or, in other words, the discrete partitioning Byis able to represent
the continuous structure af .

Under the above assumption we can restrict the minimizatioR ofrer all functions
u2 SBUWRL) to those inSB\6 (W RL) which allows to simplify Eq. (5) to a problem in
which merely the values; inside the piecewise constant regions are the unknowns. Let !
discuss the three main components of Eq. (5) separately.

Data Term:
Considering™ for anyu 2 SB\b (W, R") allows us to rewrite the rst term of Eq. (5) as
Z M Z
K(u) = F (x;u(x); Nu(x)) dx= é F(x;ci;0) dx=:Kp(c) (6)
Why iz1 PR

which is the discrete representatigp(c) : RM L1 R of this term that mere depends on the

valuest;. For linear data terms such as in Eq. (2), Féx; u(x); Nu(x)) = &k ; fk()ux(x) =

fk()(c)i for x2 B, this is further simpli ed to
by -

Ke()= a a (c)k k(¥ dx= g hoj; fyi (7)
k=1i=1 P i=1
~ R L
with fe= 5 f(x)dx ) 12 RL.
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Figure 3: From left to right: Grid Sampling, SLIC Superpixels a8dCut-Pursuit. Images
from the Middlebury dataset [37]. The top row shows a ne discretization into the same
number of nodes for every method, whereas the lower row shows a coarse discretizati
with the same number of nodes for every method.

Regularization Term:
For the jump regularization, we can wriRéu) for anyu2 SB\6 (W R") as

z z
Ru= kiju uj dH?l= 3§ k(e cj) dHY !
Ju . ()2 Gi -
= & k(o cj) dH®'= & wjk(a cji)=:Re(Q)
(i:))2E Gj (i:))2E

identifying the weightsw;; = RG” dHY 1= jG;jj. With this weighting we can de ne the
weighted nite graphG = (V; E; w) as the discrete graph structure with which any continuous
functionu 2 SB\ (W:RL) can be represented. Note thakifis the identity, therRp () is
equivalent to graph total variation of(cf. [6, 14]).

Constraint Set:

We are further carrying a constraint set when minimizing the minimal partitions problem
However, both constraints are pointwise and therefore straight forward to relate to constrair
ong;, i.e., the constraint set directly translates to

L
Cp= ¢ (c)k2[01]; & (c)k=18i :

k=1
Interestingly, the above restriction from the minimizatiorFobver SBV(W: RY) to its min-
imization overSB\s (W R") (which translates into the minimization & overc 2 Cp)
remains valid as long as the jump set of the true solution is a subset of the jumps in tt
partition P, independent of what exactly the "super" jump-sePdk. Let us formalize this
result:

Proposition 1. Assume a discretizatidd and its assorted partitions; fo be given. Let u
be a minimizer to the continuous problem E2) for given potentials f If the jump-set J
of u is a subset of the jump set®Bfgiven as the boundarigs. o Gj, then

minF(u) = Q(i:ng(c);
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Figure 4: lllustrating the use of model-based segmentation methods: The user scrib
different objects to be segmented (left) from which a unary data feisygenerated, e.g. by
approaches like [29] or a pointwise neural network. As the unaries are insuf cient for a go
segmentation (illustrated by the fact that a thresholding of the unaries shown in the mic
does not segment the background well), the proposed framework offers an ef cient appro
to obtain accurate segmentations as shown on the right.

for the discrete energyd—= Kp + Rp, i.e. the continuous minimum(E ) is equal to the
minimum I (c ) of the discrete energy opFunder the constraints

Proof. See appendix. O

Proposition 1 shows that if the jump setwfis contained irPi, then the exact optimum
u of the continuous problem can actually by found by computing a discrete sotutioh
the functionF> numerically on a nite graph Practically however, we now need to nd some
partitionP that approximates (or ideally overestimates) the true jump,sghbut consists of
a limited number of segments. On a Cartesian grid, the equivalent operation is to subsal
the image, result in the "superpixels" seen in Fig. 3 on the left, which are not well align
with edges in the images. However approaches such as SLIC (middle) or Cut-Pursuit (ri
in the variant of [41]) are more adept at nding a superset of candidate partitions.

4 Numerical Evaluation

This section focuses on evaluating the proposed approach. We discuss examples in
mentation and stereo estimation. For segmentation we show a practical example, wher
approach is used to align the output of a pixelwise neural network. We then follow up w
a detailed comparison of graphs generated by SLIC, Cut Pursuit and subsampling.

4.1 Segmentation

Multi-label segmentation is a central application of minimal partition problems, having be
discussed in the continuous setting in works such as [10, 31] and widely studied in disc
methods such as [5, 19]. To apply multilabel segmentation we use the model describe
Eq. (1), which can be recovered from Eq. (5) by setting Id and choosing the! norm for

j |, leading to an anisotropic penalty of the jumps. We solve the discrete matching on
graph by a preconditioned primal-dual algorithm as discussed in [41]. Relaxed solutions
matched to corresponding partitions with maximal argument.
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Figure 5: Qualitative comparison of matching quality for the example of image segmentatio
from a given set of pixel features. From left to rig:CP graph, the SLIC graph, and a
rectangular grid (right), all with the same number of vertices. The graphs are constructe
as described in Section 3.2. The top images show the nal minimal partition result. The
bottom images show the errors compared to the minimal partition computed on the full pixe
grid, where yellow marks regions that are matched differently compared to the ground trut
matching of the full image grid.

Use Case:

As one application scenario, imagine a user wants to segment an image by marking the c
jects to be segmented with scribbles, see Fig. 4 on the left. Once the scribbling is comple
we train a tiny pixelwise fully connected network on classifying the scribbled pixels cor-
rectly. The output of this network provides us with pixelwise features as shown in Fig. 4
in the middle. Globally matching these features with 15 labels on the full grid requires €
GB of memory, whereas the proposed approach reduces the memory requirements to 0.2
due to the graph construction and needs only 13% of computation time in total to yield th
segmentation shown in Fig. 4 on the right, which is precise enough to conduct various imag
manipulations such as inserting or removing some of the bottles or fruits.

Quantitative Analysis:

To analyze a wide range of images with canonical potentials, we turn to cartooning, i.e
multi-label segmentation with a xed set of target colors chosen by a k-means selectior
Figure 5 visualizes the result of the minimal partition problem for our graph discretization
via L9-CP, a graph constructed via SLIC, and a subsampling of the pixel grid, all with the
same number of vertices. Checking the error maps on the bottom row of Fig. 5 we see th
both superpixel methods lead to solutions that closely match the solution at the nest leve
while the subsampling is comparatively error-prone. TR€CP constructed discretization
outperforms the SLIC-based discretization, due to its closer adherence to image edges. E\
uating the gained ef ciency in terms of time and in times of vertices in Fig. 6 shows that this
behavior leads to stable improvements over a wide range of graph discretization steps, ene
values can be matched very closely using the superpixel-based graph discretization. In
ble 1 we compare the three methods for three different examples. We nd signi cant saving
in runtime and memory, while staying close to the original energy, observing that graph
based discretization leads to a signi cant improvement in accuracy, compared to computir
the segmentation on a downsampled grid, and further that usind+6@® superpixels leads
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Figure 6: Computing the minimal partition on a well chosen graph discretization is mu
more ef cient than computing it on the full grid. The y-axis in both plots denotes the ener
value of the ground truth solution, which is computed on the full grid. Left: Time saved
ground truth plotted vs the matching energy of the minimizer. Right: The number of noc
compared to the partition energy of the minimizer.

Red. Time Energy
Bx. | Methods Rate | Saved Mem. Offset
Lo-cp 31% | 7% | 15MB | 0:73%
1 sLIC 41% | 41% | 16MB | 1:18%
sampling | 74% 22% 32MB 5:77%
LOCP | 36% | 8™ | 12MB 3:5%
2 SLIC | 842% | 87 | 32MB | 6:29%
sampling | 8:42% | 87% 27MB 13:33%
LOCP | 62% | 83% | 463MB | 2:1%
3 sLIC 14% | 79% | 1144MB | 4:43%
sampling | 14% 82% | 2976MB | 3:79%
Table 1: Different scores for three examples. Shown are the ratio of time saved and the |
of energy mismatch. The baseline method (a full image grid) uses 301, 684 and 6113

for each experiment.

to the most ef cient nal result, even though the computation of these superpixels itself tak
more time than SLIC (the time/memory to compute superpixels and construct the grap
factored into all measurements we consider).

4.2 Stereo Matching

For the task of estimating disparities in stereo images the problem setting is different fr
that of segmentation tasks. While we want to reconstruct discrete labels for segmentatior
estimated disparities between images live in a continuous range and therefore need dedi
treatment. The binarized vector structure of discrete segmentation labels ideally has ti
translated to a continuously metricized label space. Assuming piecewise constant dispa
in natural images it is still possible to transfer the graph reduction ideas to stereo estima
as proposed in [32] and the sublabel accurate setting of [28]. As the data term for ste
matching can be expressed as a cost-vector de ned for each pixel, we need to nd a sens
scalar data function where superpixels can be computed to construct the graph. A na
choice for such a function is the pixelwise minimizing argument of the data term. This
motivated by the intuition that constant regions of pointwise minimizing disparities likel
induce constant regions of the original data term. The featfyese either given directly

as absolute pixelwise disparities, or as output of a stereo network and are then mat
globally to combinations of candidate disparities in a given range. Figure 7 (top) give:
visual impression of the approximation behavior of the graph reduction on an exempl
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Figure 7: Results on stereo matching baselifiep: Comparison of full (left) and proposed
reduced (right) matching. Both methods use sublabels [28] between 32 labels. The propos
method uses Cut-Pursuit (with paramedgre= 0:1, a higher parameter corresponds to fewer
vertices in the reduced graph) to nd a reduced graph, amounting to a time reduction by
factor of 4.8, although the matching quality is near indistinguishaBtgtom: Time reduc-

tion and energy levels for different parametagsshowing the granular relationship between
graph reduction and difference in energy value of the matching algorithm.

stereo image. Figure 7 (bottom) visualizes the time vs. the achieved energy values of o
method compared to the full stereo matching problem. Note the scale of the x-axis. We cz
easily reduce the necessary time and memory costs by using the graph-based discretizat
Despite of the signi cant speedup for stereo matching the proposed method still is capab
of producing visually pleasing results, as the matching is still computed with respect to a
variables, just with an optimally chosen discretization.

5 Conclusions

In this work we presented strategies for the ef cient realization of convex relaxations by
directly moving from geometric properties of minimal partitions solutions to a graph-basec
discretization. We prove that such a graph-based discretization can be constructed in ¢
herence to the global partitioning problem and implementing it on superpixel graphs yield
accurate and ef cient solutions in practice. We further nd that using a superpixel approact
that is more faithful to minimal surface energies, asltReCut Pursuit algorithm leads to
more accurate solutions compared to SLIC and can be well worth the additional effort. W
believe that the proposed methodology can facilitate the use of convex relaxation metho
in practical applications, especially if input data is of high-resolution, where memory anc
computation constraints made these approaches previously infeasible.
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