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1 Proof for Eq. 3 in the Paper
Lemma 1.1. Let vectors x,y,z ∈ Rk+3, strictly positive reals a, b, and function

D(x,y,z,a,b) =
bz

a(a+b)
− ax

b(a+b)
+

(a−b)y
ab

. (1)

If M : R→ Rk+3 is a C3 continuous function and t ∈ R,

M′(t) = D(M(t−b),M(t),M(t +a),a,b)+O(a2 +b2) (2)

Proof. Since M is C3 continuous,

M(t +a) = M(t)+aM′(t)+
a2

2
M′′(t)+O(a3) (3)

M(t−b) = M(t)−bM′(t)+
b2

2
M′′(t)+O(b3). (4)

We eliminate M′′(t) by summing b
a (Eq. 3) - a

b (Eq. 4):

b
a

M(t +a)− a
b

M(t−b) = (
b
a
− a

b
)M(t)+(b+a)M′(t)+bO(a2)+aO(b2). (5)

Since a > 0 and b > 0,

M′(t) =
1

a+b
(

b
a

M(t +a)− a
b

M(t−b)+(
a
b
− b

a
)M(t))+O(a2 +b2). (6)

We use this lemma with t = ti, a = ti+1− ti, b = ti− ti−1, ∆ = maxi(ti+1− ti), and obtain

M′(ti) = D(M(ti−1),M(ti),M(ti+1), ti+1− ti, ti− ti−1)+O(∆2). (7)
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2 The Singularities of Euler Angles (Sec. 4.1 in the Paper)
The proof of Lemma 2.1 is more detailed than that in [1]. LetR(α,β ,γ)=Rz(γ)Ry(β )Rx(α)
where Rx(α), Ry(β ) and Rz(γ) are the rotations around the vectors of the canonical basis of
R3 with respective angles α , β and γ . Let ∂R be the jacobian ofR at (α,β ,γ) with respect
to (α,β ,γ). We have ∂R=

(
∂R
∂α

∂R
∂β

∂R
∂γ

)
∈ R9×3.

Lemma 2.1. ker∂R 6= 0 if and only if there is k ∈ Z such that β = π/2+kπ , i.e. if and only
if the coefficient on the bottom-left corner ofR(α,β ,γ) is 1 or −1.

Proof. We use shortened notations cα = cosα , sα = sinα , cβ = cosβ , sβ = sinβ , cγ = cosγ

and sγ = sinγ . Thus

R(α,β ,γ) =

cγ −sγ 0
sγ cγ 0
0 0 1

 cβ 0 sβ

0 1 0
−sβ 0 cβ

1 0 0
0 cα −sα

0 sα cα

 (8)

=

cγ −sγ 0
sγ cγ 0
0 0 1

 cβ sβ sα sβ cα

0 cα −sα

−sβ cβ sα cβ cα

 (9)

=

cγ cβ cγ sβ sα − sγ cα cγ sβ cα + sγ sα

sγ cβ sγ sβ sα + cγ cα sγ sβ cα − cγ sα

−sβ cβ sα cβ cα

 . (10)

First we show that β = π/2+ kπ implies ker∂R 6= 0. Let ε = 1 if k is even, otherwise
ε =−1. We have sβ = sin(επ/2) = ε , cβ = cos(επ/2) = 0, sin(εγ) = εsγ and cos(εγ) = cγ .
Thus

R(α,επ/2,γ) =

 0 εcγ sα − sγ cα εcγ cα + sγ sα

0 εsγ sα + cγ cα εsγ cα − cγ sα

−ε 0 0

 (11)

=

 0 ε sin(α− εγ) ε cos(α− εγ)
0 cos(α− εγ) −sin(α− εγ)
−ε 0 0

 . (12)

Thus δ 7→ R(α + εδ ,επ/2,γ + δ ) is a constant function. We derivate it at δ = 0 thanks to
the chain rule and obtain

(
∂R
∂α

∂R
∂β

∂R
∂γ

)(
ε 0 1

)T
= 0 at point (α,β ,γ).

Second we show that β 6= π/2+ kπ and
(

∂R
∂α

∂R
∂β

∂R
∂γ

)(
a b c

)T
= 0 imply a =

b = c = 0. Using derivative of the first column of Eq. 10, we obtain

b

−cγ sβ

−sγ sβ

−cβ

+ c

−sγ cβ

cγ cβ

0

= 0 and cβ 6= 0. (13)

Thus b = 0 and c = 0. Now we have a ∂R
∂α

= 0. Using derivative of the last row of Eq. 10 and
cβ 6= 0, we obtain a = 0.

Lemma 2.2. If A and B are two invertible 3×3 matrices, ker∂R= ker∂ (ARB).
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Proof. Let x ∈ ker∂R, Ri j be the coefficients of R, and ∂Ri j is the gradient of Ri j with
respect to parameters (α,β ,γ). Thus ∂Ri j.x = 0 and

(∂ (ARB)i j).x = (∂ (∑
k,l
AikRklBl j)).x = ∑

k,l
AikBl j(∂Rkl).x = 0. (14)

We see that ∂ (ARB).x = 0, i.e. ker∂R⊆ ker∂ (ARB). Since A and B are invertible, we use
this inclusion (replaceR by ARB, replace A by A−1, replace B by B−1) and obtain

ker∂ (ARB)⊆ ker∂ (A−1(ARB)B−1) = ker∂R. (15)

References
[1] P. Singla, D.Mortari, and J.L.Junkins. How to avoid singularity when using Euler angles

? In AAS Space Flight Mechanics Conference, 2004.


