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Abstract

Ellipse detection is a very important problem in the field of pattern recognition and
computer vision. The existing algorithms often use a bottom-up strategy to combine
edge points or elliptical arcs into ellipses, hence limit their robustness. In this paper,
we propose a fast and robust ellipse detection algorithm which can accurately detect
ellipses in the images. The main idea of the proposed algorithm is to exploit a novel
top-down fitting strategy to combine edge points into ellipses and use integral chain to
speed up the fitting process. Experimental results have demonstrated that our ellipse
detection algorithm achieves a better performance than the state-of-the-art methods on
the common evaluation measures of F1 score and average execution time.

1 Introduction
Detecting ellipses efficiently and accurately in digital images is a fundamental problem in
the field of pattern recognition and computer vision. Ellipse detection can serve a wide
range of applications such as traffic sign recognition [7, 20], vehicle safety enhancement
[21], rectification of broadcast sports video [8], cell detection and counting [6].

In the past three decades, researchers have proposed a lot of methods to detect ellipses in
digital images. The three major concerned issues of ellipse detection are accuracy, robustness
and computational performance. Hough transform (HT) can be used to effectively detect
ellipses and estimate the parameters of ellipses. Since an ellipse is analytically defined by
five parameters, the standard HT needs a five-dimensional (5D) accumulator to estimate the
parameters. But the time and space cost to use a 5D accumulator is very high. In order to
overcome the shortcoming of the standard HT, one possible way is to use only a subset of the
edge points rather than using all of them in the voting process. For instance, the randomized
Hough transform (RHT) [16], the probalistic Hough transform(PHT) [10] and the fuzzy
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HT[9] are all devised based on this idea. Splitting the five dimensional space into subspaces
with less dimensionality is another possible way to decrease the time and space complexity
of the standard HT. For example, the iterative randomized Hough transform(IRHT) [14]
uses five one-dimensional accumulators to replace the original five-dimensional accumulator.
Chia et al. [2] compute four parameters geometrically and then estimate the last parameter
by a 1D accumulator.

In addition to HT based methods, some heuristic methods have also been proposed to
detect ellipses, such as genetic algorithm (GA) [24] and genetic algorithm with multiple
populations (MPGA) [23]. These algorithms can produce good results under certain circum-
stances but have the risk of finding a suboptimal solution.

The methods mentioned above have a common problem that their detection time is usu-
ally very long. Recently, some real-time ellipse detection algorithms are proposed. The
framework of these methods are similar: first construct elliptical arcs or regions according
to the geometric properties of the edge points, and then use a fitting method, such as least-
square fitting [4, 19], RANdom SAmple Consensus(RANSAC) [15] approach and HT, to
estimate the parameters of ellipses. Prasad et al. [18] propose an edge curvature and con-
vexity based ellipse detection method which first extracts the canny edge map of an image
and chains the edge points into edge segments, and then fits line segments on each edge
segment to approximately represent the edge segments. After that, they use the convexity of
line segments to get elliptic arcs and further combine elliptic arcs into ellipses. Patraucean
et al. [17] propose an ellipse detection algorithm named ELSD. They first exploit a seed
growing scheme to find line-support regions, and further chain the line-support regions into
curve regions based on a convexity rule and a smoothness rule. After that, they estimate an
ellipse for each curve region with a fitting technique which merges the algebraic distance
with the gradient orientation. And finally, false detections are further eliminated by a con-
trario validation technique. More recently, Fornaciari et al. [5] propose a very fast method
to detect ellipses which first splits the canny edge map into many short elliptic arcs, and then
classify these elliptic arcs into four types by their edge direction and convexity. They define
a candidate ellipse as a triplet, i.e. a set of three arcs that satisfy a set of criteria, then use
HT to determine the parameters of the ellipses. Finally, they validate the candidate ellipses
using a criterion based on the algebraic fitting error, and perform a clustering procedure to
deal with multiple detections. The method [5] is extensively tested on many datasets, and
the experiments results reported in [5] demonstrate that it is very efficient, and outperforms
many state-of-the-art methods [11, 16, 18, 25]. In spite of their good performance on many
datasets, the preceding methods are not robust enough to handle clutter interruption and
noise, due to that they all adopt the bottom-up strategy to find candidate ellipses. Moreover,
their efficiency can also be improved.

In this paper, we propose a novel algorithm which can efficiently and accurately detect
ellipses in digital images by exploiting a novel top-down scheme. The proposed method is
very efficient, which is faster than the most efficient method [5] that has been reported. Our
experimental results also demonstrate that our algorithm is more robust than the state-of-
the-art methods including [5] and ELSD [17], for handling Gaussian noise. The rest of the
paper is organized as follows. In Section 2, we introduce the background. In Section 3, we
describe the proposed algorithm in detail. In Section 4, we present the experimental results.
Finally, we conclude our work in Section 5.
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2 Background

2.1 Method of ellipse fitting
In this work, the conventional least square fitting technique is exploited to estimate the pa-
rameters of an ellipse. Without loss of generality, the ellipse equation is given by

f (x,y) = ax2 +by2 + cxy+dx+ ey−1 = 0, (1)

where a,b,c,d,e are the five ellipse parameters. And for a given set of points {p1(x1,y1), ...,
pn(xn,yn)}, the aim is to find the optimal estimations of a,b,c,d,e which can minimize the
the algebra square error ∑

n
i=1 f (xi,yi)

2.
Before fitting, we usually perform a translation operation to make the set of points with

zero mean, which means that we actually minimize the following term instead:

S =
n

∑
i=1

f (ui,vi)
2, (2)

where

u = x− x̄, v = y− ȳ, x̄ =
1
n

n

∑
i=1

xi, ȳ =
1
n

n

∑
i=1

yi. (3)

This problem can be solved by setting the derivation of each parameter ∂S
∂a , ∂S

∂b , ∂S
∂c , ∂S

∂d , ∂S
∂e

to zero and concretely, we can get following linear system:
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 . (4)

After getting the estimation of ellipse parameters by solving this linear system, we can fur-
ther calculate the geometric parameters like center, major/minor axis and rotation from a, b,
c, d, e.

2.2 Our criterion for candidate ellipses selection
As what we will introduce in Sec. 3, after obtaining the ellipse parameters through least
square fitting, we check whether an edge segment with a set of points {p1, ..., pn} can be
selected as a candidate ellipse based on the following criterion:

n

∑
i=1

g(ε, pi)/n > thscore, (5)

g(ε, pi) =

{
1, if | f (xi,yi)|< 0.1
0, if | f (xi,yi)|>= 0.1

, (6)

thscore is a threshold and we set it to 0.7 in all of the experiments.
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3 Proposed algorithm
In this paper, we propose a novel ellipse detection method based on the top-down edge
segment analysis. As shown in Fig. 1, our method consists of four major steps. In the
first step, we extract edge segments from the input image and then obtain line segments
within each edge segment. Secondly, we detect candidate ellipses from each edge segment
by the top-down analysis. After that, we cluster candidate ellipses to merge and remove the
fractional detections. Finally, we eliminate false alarms using NFA validation. The rest of
this section describes each step in more detail.

Figure 1: Workflow of the proposed ellipse detection method

3.1 Edge segment and line segment extraction
We directly use the edge segment extraction method and the line segment detection method
proposed in [12, 13], respectively, which are very computational efficient. Since they are not
our own work, we only briefly introduce these two methods here, for the details please refer
to [12, 13].

1. Edge segment extraction: In order to extract edge segments(a chain of 8-connected
edge pixel points) within the input image, we first obtain the Canny [1] edge points
and then chain them to form the edge segments. We calculate the gradient of input
image I(smoothed by a 5 ∗ 5 Gaussian kernel with σ = 1.3 ) by the Sobel operator
and determine the high threshold Th and the low threshold Tl in an adaptive way [1].
After that, the pixels are categorized into three types: 1) p is a strong edge point if
the gradient magnitude at p is a local maximum and larger than Th ; 2) p is a weak
edge point if the gradient magnitude at p is a local maximum and in the range of Tl
to Th ; 3) p is not considered as an edge point. The process of chaining the edge
points to form an edge segment consists of two steps: 1) pick the point with the largest
gradient magnitude among the strong edge points as the starting point p0 to trace an
edge segment; 2) construct a list and add p0 to it as the tail and then iteratively add
the un-searched edge points from the 8-neighbours of the tail to the list as the new tail,
until none of the 8-neighbours of the tail is an un-searched edge point.

2. Line segment extraction: We detect line segments within each edge segment by a top-
down scheme. For a given edge segment E = {p1, ..., pn}, we gradually verify its sub-
segments from the longer ones to the shorter ones. To be more specific, we first verify
the sub-chain with length l = n(the edge segment itself). If the sub-chain with l = n
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satisfies the straightness criterion, we accept it as a line segment. Otherwise, we further
verify the sub-chains with length l = n− 1 and so on. Once a line segment is found,
we remove the edge points belonging to it from the original edge segment, and then
continue to detect line segments in the rest parts of the edge segment. After obtaining
the line segments, we use the obtained line segments to represent their corresponding
edge segment, i.e. using a set of line segments {l1, ..., lm} to represent E.

3.2 Candidate ellipse detection

In this section, we describe how to detect candidate ellipses from the edge segments. We fit
the edge segments into ellipses using a top-down least-square fitting scheme, and speed up
our least-square fitting by integral chain.

3.2.1 Edge segment selection with a top-down scheme

(a) (b) (c) (d) (e)
Figure 2: (a) An edge segment; (b) We use line segments {l1, ..., l9} to roughly represent
the edge segment; (c) At the first iteration, we use the chain corresponding to {l1, ..., l9}
to fit an ellipse; (d) At the second iteration, we use the chain corresponding to {l1, ..., l8}
and {l2, ..., l9} to fit an ellipse; (e) At the third iteration, we use the chain corresponding to
{l1, ..., l7}, {l2, ..., l8} and {l3, ..., l9} to fit an ellipse, and {l2, ..., l8} can be fitted as a valid
ellipse(represented by the dashed line), so we stop the iteration.

Different from the conventional bottom-up strategy which iteratively fits line segments or
arcs into ellipses from shorter ones to longer ones, we apply a novel top-down edge segment
analysis scheme. Such scheme is more robust to background noise and it is more likely to
detect complete elliptical arcs.

First, we represent an edge segment by line segments instead of points (as described in
Sec. 3.1), because this representation will make the top-down scheme more efficient. For a
given edge segment E = {l1, ..., lm}, the line segments ({l1, ..., lm}) are first ordered by their
positions on the edge segment. Then we iteratively detect ellipses among the sub-chains of
E. A sub-chain of E consists of a successive subset of line segments in E. We verify the
sub-chains from longer ones to shorter ones. For example, we first verify the sub-chain of
length M = m, i.e., the E itself. If it can not be fitted as an ellipse, we further verify the sub-
chains of length M = m−1 i.e., {l1, ..., lm−1} and {l2, ..., lm} can be fitted as an ellipse or not.
Once we find an ellipse, we remove its corresponding line segments from E and continue
this process on the left parts of E. Fig. 2 gives an example of this top-down scheme.
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3.2.2 Speed up with integral chain

The above top-down analysis process could be very time-consuming. Hence, we use the 1-
D case(which is called "integral chain" hereafter) of integral image technique [22] to speed
up the proposed ellipse detection algorithm. Specifically, for a sequence x1,x2, ...,xn, the
corresponding integral chain is:

IntChain(k) =
k

∑
i=1

xi,k = 1, ..n. (7)

The recurrent formulas for computing the integral chain are:

IntChain(1) = x1, IntChain(k) = IntChain(k−1)+ xk, k > 1. (8)

Within the integral chain, the sum of any sub-sequence can be efficiently obtained by

k

∑
i=1

xi = IntChain(k),
k

∑
i=s

xi = IntChain(k)− IntChain(s−1). (9)

Noting that we actually use u = x− x̄, v = y− ȳ to fit ellipse, therefore, we should expand
the terms ∑

r
i=l uk

i vh
i where 0 <= k,h <= 4 to calculate them from the integral chains. For

example,
r

∑
i=l

u2 =
r

∑
i=l

(x− x̄)2 =
r

∑
i=l

x2− 1
(r− l +1)

(
r

∑
i=l

xi)
2. (10)

3.3 Ellipse clustering

(a) (b)
Figure 3: (a) The edge segment belonging to the black ellipse are miss-split into two parts
ab and cd, and fitted as two ellipses: the red one and the green one. We can merge them
back into the black one by clustering. (b) The red edge segment ab is fitted into the ellipse ε

drawn by dashed lines, O is the center of ε , α is the central angle of ε .

As shown in Fig. 3(a), sometimes, especially under noise, a complete ellipse may be split
into two or more candidate ellipses due to the incomplete edge segment extraction results.
To address this problem, we further cluster the candidate ellipses according to their elliptic
arcs (for the reason that, each candidate ellipse corresponding to an elliptic arc) to form new
candidates and eliminate the fractional ones. First, the candidate ellipses are sorted according
to the central angles (its definition is given in the legend of Fig. 3(b)) of their elliptic arcs.
Then, in each iteration, we select the candidate εi with maximum central angle as the base
and combine it with the rest candidates ε j to see if a better ellipse can be found. If a better
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ellipse εb is found, we replace εi with εb and remove ε j form candidates. After repeating
the process for every candidate ellipse, we remove the candidates corresponding to the short
elliptic arcs (in our case,short elliptic arcs are the arcs whose length is less than 0.38 portion
of the perimeter of the corresponding ellipse).

3.4 Ellipse validation
To further eliminate false alarms, we employ the Desolneux’s [3] technique to validate the
clustered ellipses, which is similar to ELSD [17]. The ellipse validation method is based on
the Helmholtz Principle [3], which means that for a structure to be perceptually meaningful,
the expectation of this structure by chance must be very low. To be more specific, for an
ellipse with l independent edge points, there are k of these points having gradient directions
aligned with the direction of this ellipse, where aligned means that a point pi is at the direc-
tion orthogonal to the tangent of the ellipse on pi. The expectation of this kind of ellipses,
the so-called "number of false alarms"(NFA), should be less than ϕ , that is:

NFA(l,k) = Nt

l

∑
i=k

(
l
i

)
pi(1− p)l−i < ϕ, (11)

where Nt is the number of all possible ellipses; ϕ is set to 1 and the precision of the direction
alignment p is set to 1/8 as detailed in [17]. We calculate the gradient direction of each edge
point in the original image with 2∗2 mask [3].

ELSD [17] also uses NFA to discard the false detections, but there are some differences
between it and our method. First, the number of all possible ellipse Nt is different. As five
points can determinate an ellipse, we set Nt to n5, where n is the number of the edge points
in the image, rather than (NM)4(the image size is N ×M and the degree of freedom for
elliptical arc is 8) in ELSD. Second, for a elliptical arc {p1, ..., pn} , ELSD performs the
validation on the whole sequence. Howerer, we perform the validation on its sub-sequences
arc{p1, p3, ..., p2i−1} and {p2, p4, ..., p2i} to guarantee the independence of the points [3]. If
neither of them satisfy the condition (11), we label this candidate ellipse as a false detection.

4 Experimental results
This section presents an evaluation of our method and compares its performance with two
state-of-the-art ellipse detection methods: (1) Fornaciari et al.’s method (FORN) which is
proposed in [5], and (2) ELSD [17] which is proposed by Puatruaucean et al.The implemen-
tations of FORN and ELSD are downloaded from the authors’ websites1.

4.1 Evaluation metrics
We evaluate the detection effectiveness of the methods according to the evaluation method-
ology proposed in [18]. We determine the correctness of a detected ellipse ε1 according to
its overlap ratio D with its corresponding ground truth ellipse ε2. D is defined as follow:

D = 1− count(XOR(ε1,ε2))

count(OR(ε1,ε2))
. (12)

1http://sourceforge.net/p/yaed/code/HEAD/tree/; http://ubee.enseeiht.fr/vision/ELSD/
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Figure 4: Sample visual results of ELSD, FORN, and our method

A detected ellipse is considered as a true positive(TP) if it has a overlap ratio D > 0.8 with
a ground truth ellipse. If the detected ellipse does not match with any of the ground truth
ellipses, then it is counted as a false positive(FP). A false negative(FN) is found if a ground
truth ellipse does not have a match ellipse among the detected ellipses. According to these,
the detection effectiveness is calculated in the aspect of F1 score. Besides the effectiveness,
we also evaluate the methods’ execution speed and their robustness to noise. The execution
speed of a method is evaluated by its average execution time (ms/image) on the datasets. And
the methods’ robustness to noise is evaluated by their detection effectiveness on the datasets
with different level of Gaussian noise.

4.2 General experiment
We make experiments on three public real image datasets which are available on-line2.
Dataset #1 is proposed in [18], which contains 197 images. Dataset #2 and Dataset #3
are proposed in [5]. Dataset #2 consists of 400 real images which are collected from MIR-
Flickr and LabelMe repositories. Dataset #3 is composed of 629 frames at the resolution of
640x480 which are selected from several videos. Sample visual results of ELSD, FORN, and
our method are illustrated in Fig. 4. From which, it can be seen that our method performs
much better than the others: ELSD tends to find some false detections and FORN sometimes
misses the true positives, while our method gets the accurate result. The F1 scores of each
method on the three datasets are illustrated in Fig. 5(a), and their corresponding average
execution time on each dataset is summarized in Table 1. It can be seen that the proposed

2http://imagelab.ing.unimore.it/files/ellipse_dataset.zip
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XXXXXXXXXXMethod

Dataset
Dataset #1 Dataset #2 Dataset #3

Ours 8.3 22.6 41.5
Fornaciari 10.5 36.2 53.1

ELSD 173.4 480.7 1419.3

Table 1: Overall execution time(ms/image)

PPPPPPPPStep
Dataset

Dataset #1 Dataset #2 Dataset #3

Edge detection 2.0 7.1 15.1
Line detection 4.1 10.1 17.4
Ellipse fitting 1.9 4.6 8.5

Clustering 0.3 0.6 0.8
Validation 0.04 0.1 0.2

Table 2: Detailed Execution time(ms/image)

method achieves better performance than the other two methods: it runs faster while achiev-
ing the highest F1 score. The execution time of each processing step for these datasets is
shown in Table. 2. It can be seen that the top-down ellipse fitting scheme is very fast and the
bottleneck of the scheme is the line detection process.

4.3 Anti-noise experiment

(a) (b)

(c) (d)

Figure 5: (a) F1 scores of general experiment; (b-d) F1 scores of anti-noise experiment
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To evaluate the methods’ robustness to noise, we add Gaussian noise with different level
(the variance σ2 = {0,102,202,302,402,502,602}) to the images in the three datasets and run
each method again. The F1 scores of the three methods under different levels of Gaussian
noise are shown in Fig. 5(b)-(d). The result indicates that our method is more robust than
the two other methods for handling Gaussian noise.

5 Conclusion
This paper proposes a novel method for ellipse detection, which is efficient, robust and
parameter-free.

Our major contributions are: (1) a top-down least-square fitting analysis scheme for find-
ing candidate ellipses, which is more robust than the conventional bottom-up strategy used
by the state-of-the-art methods; (2) a more effective validation process for filtering out the
false detections, in which we calculate the number of all possible ellipse through a more rea-
sonable rule and guarantee the independence of the edge points by validating through every
other point. Extensive experimental results demonstrate that: (1) the proposed algorithm is
indeed more accurate and robust than multiple state-of-the-art methods [5, 17] in terms of
F1 score; (2) the proposed algorithm is very fast, even faster than the most efficient method
[5] which has ever been proposed; (3) the proposed algorithm is more robust to noise than
the methods [5, 17].
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