Supplementary Material: Rao-Blackwellized Particle
Smoother on Lie Groups

In this supplementary material, we provide the mathematical derivations of the Rao-Blackwellized Particle Smoother on Lie
Groups. Please read section 4 in the submitted paper before reading this note.

I. DEFINITIONS

We remind the adjoint representation Adggs) (-) C R®*C of SE (3) on R° that enables us to transport an increment e € RS,
that acts onto an element C;, through left multiplication, into an increment e € RS, that acts through right mu1t1phcat10n

exng(3) (Gfg) Cig = Cz‘gemng(g) (AdSE(S) (Ci_gl) 19) ng‘foSE(z) ( : ) ey

where ¢/ = Adgsp(s) (C’ e €, = Adsps) (Cyi) €;,. We also remind the expression of the left Jacobian of SE (3):
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II. FILTERING

We wish to approximate the following probability distribution:

p (‘TO:ta SO:t|y1:t) =D (x01t|y1:t7 50:75) p (50:t|y1:t) (3)

The term p (so.¢|y1..) Will be sampled with N, particles as follows:

p (s0:¢y1:¢) Zw (30t_5(()l)t) 4)

The term p (xo.|y1:¢, So.c) Will be approximated by a concentrated Gaussian distribution on Lie groups using an Extended
Kalman Filter on Lie Groups [1].

A. Recursive formula

Let us define:

l l 0. l
S(())t ~q (S(g)t‘ylrt) =4q (SE )|S(():)tfl7y1:t> q (58:25—1|y1:t—1) (5)
Moreover, the target distribution we are interested in can be expressed as follows:
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= (7
P (Yelyr:4-1)

Consequently, we obtain the following recursive formula for w( ).
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B. Optimal Sampling

Let us take:
l n, (
OO OO p (1/t|55);1a yl:t—l) p (55 )|56:)t_17y1:t_1>
q (St |80;t—1ay1:t) =p (St |SO:t—17y1:t> = O (10)
P (yt|50;t—17y1:t—1)
We obtain the following formula for wt(l):
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The term p (yﬁs&_l, yl:t_1> can be computed as:

l l
D (yt|3(();3571»y1:t71) = ZP (ym 5t|3(();3571»y1:t71)
= Zp (yt|5t,55)l:26717 yl:t—l) p (St‘sé{ifla yl:t—l) (12)

In our application p (st\sélzi,l, y1zt—1) = p(s¢), moreover we can employ the following approximation:

l l
p (yt|5t,55):3:—17y1:t—1) = /p (Itayt|5ta 56;3&—1aylzt—1) dzy

= /P(yt|$t75t)10 (mt|5t75(()l;3571ay1:t71> dx,
~ Nses)y (e (si) s teji—1 (C), Pi—1 (C) + Q) (13)

where we approximated p (xt|st, sé{)tfl,yl:t_l) ~ Ngpi(3)xre (mt; H)t—15 Pt‘t_l) using an Extended Kalman Filter on Lie
Groups [1]. Moreover, the notations ji;;—1 (C') and Py;_; (C') correspond to extracting the sub-matrix corresponding to the
camera pose C'in ji;;_; and Py, respectively.

C. Filtering Algorithm

Algorithm 1 LG-RBPF
Filtering
e Fori=1,2,..., N,

— Initialize ,uf)% by choosing randomly a map coordinate in the database with a null speed

- PO(‘Z()) = Py and w(()z) = N%;
o EndFor
e Fort=1,2,...,T

- Fori=1,2,...,N,

* LG-EKF propagation: Propagate 1

E?l\t—l and Pt(i)l\t—l to get ,uill) and P9

t—1 tlt—1

(Alg.2)
* Optimal Sampling: Draw sgi) (Alg.4) and evaluate p yt|s(()f171, yljtq)
* LG-EKF update: Update Mi‘iz,l and Pt(‘il to get ut(fz and Pt(‘it) (Alg.3)
* Update weights: wgi) = wgi_)lp yt|sgf1_1,y1;t71
* Normalize weights and Resample particles
— EndFor

o EndFor




Algorithm 2 LG-EKF Propagation
* U= [t-1)t-1 (v)
o« C=yp 11 (C)
o -1 (C) = expgp s (VAL) C
® Mi|t—1 (v) =v
o Pyy_1 =FP,_yy 1 FT +R
Adsps) (o) (VAY)  sng) (VAL At
0 1d

— where F' =

Algorithm 3 LG-EKF Update

« K= Pt|t_1JT (JPt\t—IJT + Q)_l

o 0= Kloggps (ytﬂﬂt—l ()

o i)t (C) = expGp) (0(C)) preje—1 (C)
pge (V) = 6 (V) + -1 (v)
Pyjy = @¢ (0) (Id — K J) Pyy—1 @, ()

- where J=[ Id 0 ] and ®¢ (0) = { ‘I’sE(3)O(5 (@) [Od

Algorithm 4 Optimal Sampling
e Fori=1,...N
- S=Pp_1(C)+Qvum
= e =10g¥ ) (1 ) pryer (€)7

-1
- w(l)= ( (27)° S|) exp (—0.5 (e7S7te)) p(se =1)

« EndFor

o In practice, to reduce the computational cost of this for loop, we use a kdtree to retrieve the 30 nearest neighbor

measurements of i, and perform the for loop only for these 30 measurements.
e Fori=N+1,..,N+5

- 5= Pt\t—l (C) + QCBIR
- e= loggE(S) (yt (l) Ht)t—1 (C)il)

—1
- w(l)= ( (2r)° S|) exp (—0.5 (e7'S71e)) p(se =1)
o EndFor
(i _ ;
D (yt|s():t71’y11t—1) Zz w (1)
o Set s; = | with probability w (1)

III. SMOOTHING
A. Derivation

We wish to sample from the following distribution:

p(xl:T»sl:Tth:T) :P(fl,S1|$2:T,32:T,y1:T)P($2:T782:T|y1:T)

:P(xl,Sl\IQT,SQT,le) (I2782\$3:T,53:T,y1:T)p($3:T,33:T\y1:T)
T—1

= p (27, sTly1.r) H (zt; st|lzesrir, Sty Y1r) (14)

However:
p(@¢, StlTeq 17, Seqrr, Y1) = Zp (@4, s1t|Teerr, Ser1r, Y1)
S1:t

= ZP (mt|xt+1:T7 S1:T, yl:T) p (51:t|‘rt+1:T7 St4+1:T» yl:T) (15)
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From the markov property of our model, we have:

p(31:t|$t+1:T7 St+1:T,y1:T) =P (81:t|$t+1, 5t+17y1:t)
_ P (g1, St41081:4, Y1:0) P (81:4]Y1:t)
B P (41, St1ly1:¢)
_ P(Ter1, Se4151:, Y1:4) P (S1:4[Y1:1)
a ZSMP(%H, Stit41Y1:t)
P (g1, St41051:4, Y1:0) P (81:4|Y1:¢)
B ZSMP(!EtH,8t+1|81:t=ylzt)P(Sl:t|y1:t)
_ P (Te+1081:0415 Y1:6) P (Se108¢) P (S1:4[Y1:0) (16)
ZSH P (@er1(S1:e41, Y1:6) P (Se41]8e) P (S1:¢[y1:e)

From the output of the filtering stage, we have:

P (s1:|y1:¢) Zw (51t —sﬁli) (17)
Thus:
P (Tegr]S1t41,Y1:6) P (Se41]5¢) (Zf\i”l ws (Slzt - s(ll)t))
251;,51) (Tt1]81:4415 Y1:6) P (St41(5¢) (Ziv:pl wt(l)CS (81 it Sg 1))

p(51:t|$t+1:T75t+1:T7’yl:T) ~ (18)

Denominator:

N
ZP (It+1|81:t+1,yl it 5t+1|5t <Z w(l)5 (Sl:t - qu)) dsi. = Z’wt(l)p (xt+1|s§2, 5t+17y1:t) p (st+1|8§”> (19)

S1i =1
Numerator:
N
P (@1 S1:41, Y1) P (Se415t) (Z Wy (81:t - 8%)) = Z w,fl)p (xmls%, St+1, ylzt) p (5t+1|31(5l)) 0 (81:t - Sgli)
= (20)
Consequently:

N wt(l)p ($t+1|85{3§7 St+1, yl:t) p (5t+1|57§l))

p (st @err, Se1m Y1) R Z N (k) ) %) 0 <Slt - Sgli) @D
I=1 Dop=1 Wi P ($t+1|81;t » St41, yl:t) p <8t+1|8 )
N
= S w0 (su - 55{1) (22)
=1

where

wﬁ”p ($t+1|sgl:)tv St41, y1:t> p (3t+1|5§l)>

0 _
Witpr = b
Sl wip <$t+1\8ft)’ St+1; y“) P (8t+1|8§k)>
~ wt(l)p ($t+1 |S§l17 5t+l7 yl:t) p (St+1 ‘S,El)) (24)

Thus, we obtain:

p (@, Se|@eq v, S, Y1) = ZP (@t|zer1m, sur, yur) p (suelTerir, Sevur, yur)

S1:t
l
~ Zp (zt|@esrr, s1r, Y1 Zwt|t+15 (51 - Sg)t)
S1:t
1 . l
~ Zwt(\zﬂp (xt|xt+1rT’ 55;)“ 5t+1:T7y1:T) 0 (st — 3£ )) 25)
1=1

Consequently, knowing Z; 1.7 and S¢y1.7, then S, can be sampled from:



N
S~ Do wl() 16 (s10— 510) (26)

=1
Then, z; is sampled from:
~ ~ k) ~ ~ ~
Ty~ D (It‘mt-&-l:Ty Sg;t), St41T, yl:T) ~ Nsg(3)xRre (CCt; BT Pt|T) (27)

where [i;7 et ﬁﬂT are obtained using a Rauch-Tung-Striebel smoother on Lie groups (which is derived in the other pdf
provided as supplementary material). The weights can be computed as:

! (=~ ! - 1 1
U’£|t)+1 x U’i 'p (5t+1|3§ )) Nsg(3)xRrs ($t+1, uiﬁm, Pt(Jr)HT) (28)

By iterating the previous 3 equations, a trajectory of p (1.7, ¢1.7|y1.7) can be sampled.

B. Smoothing Algorithm

Algorithm 5 LG-RBPS
e Fori=1,2,.... N,
_ S(J)

— Set 57 = with probability w$)

— Set NTIT = N(T\T’ Prip = P7("|;“
— Draw »’CT NNSE 3)xR6 $T7MT|T,PT\T>
- Fort=T-1,T-2,...,1

* Fork=1,2,...,Np

- Set r with the value of Ngp3)xre (Xt+17’ut+1\t’Pt(«t1|t
w® (k)

t\t+1 Xwy 'p (St-‘rl)

) evaluated in Xy41 = 93521

* EndFor

* Set j = k with probability Wy t)+1

* 5 = 85 ), fyje = Mift) and Pt\z = Ptﬂt)
*

LG- RTS Smoother Smooth fig); and Pf‘, to get fiyr and P,‘T using fi; 417 and PH_UT
% Draw z! NNSE(d)XRs <$t7M1|T7Pf\T
— EndFor
o EndFor

Algorithm 6 LG-RTS smoother
o L="PFT(R+ FPt‘tFT)_l where F' has already been defined in Alg.2
l0g¥ ) (Hesur (C) iy, (€)) ]
Hir1|T (U) — M)t (U)

o "=

o« d=1Lr

* T (€)= f’l’ng(g) (6(1:6)) .Ut\t( )

pryr (v) = 6 (7 :12) + pagpe (v)

Pyr = @ (8) (Pyy + L (25" (1) Py ®g" (1) — Piyay) LT) @L () where ®¢ has already been defined in Alg.3
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