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Abstract

Thispaperconsiderstheproblemof 3D reconstructionfrom 2D pointsin one
or moreimagesandauxiliary informationaboutthe corresponding3D fea-
tures: alignments,coplanarities,ratiosof lengthsor symmetriesareknown.
Our first contribution is a necessaryand sufficient criterion that indicates
whetheradataset,or subsetsthereof,definesarigid reconstructionupto scale
andtranslation.Anothercontribution is a reconstructionmethodfor oneor
more images. We show that the observationsimposelinear constraintson
the reconstruction.All the input data,possiblycomingfrom many images,
is summarizedin a single linear system,whosesolution yields the recon-
struction.Thecriterionwhich indicateswhetherthesolutionis uniqueup to
scaleandtranslationis the rank of anotherlinear system,calledthe “twin”
system.Multiple objectswhoserelative scalecanbe arbitrarily chosenare
identified. Thereconstructionis obtainedup to anaffine transformation,or,
if calibrationis available,up to aEuclideantransformation.

1 Intr oduction

Reconstructingstaticsceneswith somegeometricstructurehasrecentlydrawn a lot of
attention[4, 11, 5]. By structure,it is meantthatsomesetsof 3D pointsverify properties
of coplanarity, alignmentor symmetryor thatsomedistanceratiosareknown. This situ-
ationis of practicalimportancebecauseit is commonin man-madescenesandbecauseit
mayallow to obtainreconstructionfrom asingleview. Possibleapplicationscanbefound
in urbanism(virtual modelsof existing or ancientbuildings), leisure(modelsfor virtual
reality), real-estate(modelsof insideandoutsideof housesor appartments)etc.

Thegeometricinformationis givena-priori,asin [4, 11, 3, 2].
Therearetwo maincontributionsin this paper. Thefirst is a criterion that indicates

whethera givendatasetdefinesthereconstructionof oneor moreobjectsup to scaleand
translation.This criterion is calculatedastherankof a matrix introducedin Section5.3
andis insensitive to noise. The secondcontribution is a methodfor obtaininga recon-
struction.All the input data,which maycomefrom many images,is “summarized”in a
singlelinearsystemwhosesolutiongivesthereconstruction.In thepresenceof errorsin
theinput imagefeatures,a least-squaressolutionis sought(Sec.5.4).
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Figure1: A simple3D scene(left) andits reconstruction(right). If thebottompointswere
not known to be coplanar, the relative scaleof pyramid andcubewould be ambiguous
(middle).

Weusethree“predominant”directions,which form thebasis–notnecessarilyorthog-
onal [11, 12, 3]– in which reconstructionis obtained. The vanishingpoints1 of these
directionsplay a specialrole [3, 12, 2] andareassumedto have beenestimated[10, 9]
andgivenin theinput data.

If theanglesbetweenthe“predominant”3D directionsareknown, partialcalibration
of thecameracanbecomputedfrom thevanishingpoints[1, 12, 8, 2] andanEuclidean
reconstructionwill obtained.Otherwise,an“affine” reconstructionis obtained[6].

An exampleof input datais shown in Figure1 (left). Thepredominantdirectionsare
the “x”, “y” and“z” axes(“x” and“y” arealignedwith the baseof the pyramid). This
datasetconsistsof 11 pointsandsomeauxiliary information: the3D points(1-4), (5-7)
and(9-11)lie in ahorizontalplane.Also, points(1,5),(2,6)and(3,7) lie on threevertical
lines,and(s)hehassaidthatpoint 8 is midway, alongthe“y” axisbetweenpoints9 and
10. Theinput datais preciselydefinedin Section2.2.

Publishedmethodsuseauxiliary informationthat involvealignment,coplanarity[12,
2,11], knowledgeof world distances[3, 11] andangles.Additionally, theversatilityof the
methodis increasedby theuseof known ratiosof distances.In this way, somesymmetry
relationscanbeexploited. In all thepresentedexperimentalresults(Sec.6), somelength
ratiosareknown, whithoutwhich thereconstructionscouldnot beobtained.

An importantcontributionof theproposedmethodis thatit determineswhetherthere
aremany objectsthatcanbescaledindependently(Figure1(middle)),andwhethereach
onedefinesarigid reconstruction(Prop.(1-3)). In thesimplestcase,if no lengthratiosor
symmetriesareknown andif a singleimageis used,eachobjectis alwaysdefinedup to
a scalefactor(Prop. (2)). In themoregeneralcase,eachobject(Def. 1 and2 andProp.
(1,3))doesnot necessarilyhave a rigid solution,soit is indispensableto have a criterion
thatindicatesthenatureof thesolution.

2 General conditions

In this sectionthenotationis introducedandtheinputdatais preciselydefined.
1The vanishingpoint of a 3D direction is the imagepoint in which intersectall projectionsof 3D lines

parallelto thatdirection.
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2.1 Notation

Thethree“predominant”3D directionsarecalled ��� , ��� and ��� . Pointsin
� �

arealways
representedby their coordinatesin the basis � � �	� � �	� � �	
 . We define � �
������������� ,� � ��� ������� � , � � ��� ������� � . Linesin theimagearerepresentedby a � � � vector ! . The
setof pointscontainedin theline is "$#&% � �$')( # � ��* ! �+�-, .
2.2 Input Data

The input dataconsistsin 2D points in the image(s)andauxiliary information, which
indicatesgeometricpropertiesof the corresponding3D objects. The imagepointscan
begiven in thepixel coordinatesor, if calibrationis known, in theEuclideancoordinate
systemassociatedwith thecamera.

2.2.1 Image features

1. Imagepoints # �.�0/1/0/1� #�2 , projectionsof 3D points 3 �	�1/0/1/�� 342 .

2. Thevanishingpointsof the3D directions� �.� � �$� � � . If 5�6 � imagesareavailable,
the vanishingpointsarecalled 7	89 �;: %�� �<�>=;� � 
 . Eachoneis a �?� � vectorof
homogeneouscoordinates.Thesevectors[1] form the threefirst columnsof the
projectionmatrix (SeeEq. (2)).

2.2.2 Auxiliary information

1. Knowledgethat someobserved 3D pointsbelongto planesparallel to two of the
canonicalaxes. Eachplaneis expressedasa list of (indicesof) imagefeatures.
For example,in Figure1, the userwould have specifiedthatpoints(1-4) lie on a
horizontalplaneetc.Linesareformedby theintersectionof two planes.

2. Informationon ratiosof distancestakenalongpredominantdirections.For exam-
ple, thedistancealongthe“y” axisfrom point9 to 8 is equalto thatfrom point8 to
10. We call this information“metric information”.

3. If many imagesareavailable,oneknowswhichimageeach2D featurecomesfrom.

Notethat,whenmany imagesaregiven,planesmaycontainpointsobservedin different
images.A 3D pointvisiblein many imagescanbe“tracked”by defininga“x=constant”,a
“y=constant”anda“z=constant”planethatcontainall theprojectionsof thatpoint. Also,
metric informationmayrelatepointsvisible in differentimagesandtherelateddistances
maybetakenalongdifferentaxes(SeeSec.6).

Auxiliary informationis given througha text interface,but graphicalinterfacescan
beimagined[4]. We do not know of automaticwaysof obtainingauxilliary information
from 2D points,muchlessfrom images,exceptin simplecases.

3 Useof auxiliary information

First,thesetof distinctcoordinatesneededto describethe3D datais determinedandcoor-
dinatesarerelatedto imagefeatures.Then,usingthemetricinformation,thecoordinates
areexpressedasa linearfunctionof asubsetof coordinatesandof signeddistances.
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Consider, in the input datain Figure1 (left), the line (10,11). Sincethis line is par-
allel to the “x” axis, the coordinatesof thesepoints are of the form � @����A@B�<�>@C�1� and� @�DE�>@C�<�>@C��� respectively. Thesecondandthird coordinatesareidentical.Then,consider-
ing thattheline (9,10)is parallelto the“y” axis,thecoordinatesof point9 arenecessarily
of the form � @��.�A@BF$�>@C��� . By usingall the user-suppliedinformation,the setof distinct
3D coordinates@����0/1/1/1�>@CG is identified,andoneknowsthecorrespondancebetween2D
pointsand3D coordinates.This is easily implementedusingbasicsetoperations.The
distinctcoordinatesaregroupedin a vector H �I� @ � �1/1/0/1�A@ G � � .

Then,knowing thatsomedistances,takenalongcoordinateaxes,areequal,or havea
known ratio J yieldsconstraintsof theform :@ 9LK @NMO� JQP @SR K @BTVUW/
DefiningthesigneddistanceX �Y@SR K @BT , onegets@ R � @ T[Z X@ 9 � @ MBZ JLX �
or, in matrix terms, \]]^ @ 9@ M@ R@ T

_�``a �
\]]^ �� ��

_�``ab ced fg
h @ M@ Tjib ced fkml Z

\]]^ J � ��
_�``ab ced fn
� X �b.ced.fo

The valuesof @ 9 �p@qM<�p@SR and @BT areuniquelydefinedby @qM , @BT and X . Using all the
user’s input, H is representedas a linear function of a sub-vector Hsr and of a vector
signedof distancest �I� X ���0/1/0/1� X&2�u � � :H �wv H r Zyx t / (1)

The choiceof matricesv and x is not unique. Onepossiblerepresentationsis chosen
thatminimizesthesumof lengthsof H r and t andalsominimize the lengthof t . If
no metricinformationis used,v is theidentity matrixand x is azero-columnmatrix.

4 Useof imagefeatures

We now show how theobservationsimposelinearconstraintson Hsr and t . Theobser-
vationareproducedby apinholecamera.Theprojectionof a3D point 3 with coordinates� @S�	�>@C�<�>@C���z� (in basis� � �.� � �$� � �	
 ) to a2D point # �I� {W�	�|{-�e� canbemodeledas[8]:h # � i �Y} ( 7 � 7 � 7 � K�~�� * h 3 � i (2)

for some} % � . Here, � is thevectorof (unknown) coordinatesof theopticalcenter.

If theprojection
( # � � * � of apointwith coordinates@ � 9 Z @�� � 9 u Z @�� � � 9 u u is observed,

onemay[8] build the2D line ! passingthroughthatpointandany oneof the 7 9 :!���7 9 � h # � i / (3)
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This2D line is moreovertheprojectionof thesetof pointswith coordinates:�1� '���� % � � � � � � 9 Z @ � � 9 u Z @ � � � 9 u u 
q/ (4)

Theprojectionof a 3D pointbelongingto this line hastheform :hQ� � i � } ( 7 � 7 � 7 �&* P � � 9 Z @�� � 9 u Z @�� � � 9 u u U K } ~��� } P � 7 9 Z @�� 7 9 u Z @�� � 7 9 u u K
~�� U (5)

If @�� , @�� � and � arenot known, but the userhaslocated ! in the image,onehasa
linear constrainton @�� , @�� � and � : any 2D point

�
in ! verifies

( � � � * ! ��� , so that,
afterexpansion,onehas:� � ! � 7 9 u @ � Z ! � 7 9 u u @ � � K ! � 7 9 u�� 9 u K ! � 7 9 u u�� 9 u u (6)

This equationis a linear equationin the coordinatesandin � . Oneverifiesthat the
threeconstraintsgivenby eachpoint (oneconstraintpervanishingpoint) form a system
of ranktwo only.

5 Solutionsto the reconstructionproblem

Thecoordinates,distancesandcamerapositionsaresolutionsof a linearsystemobtained
from theabove-describedconstraints.Thissystemmayor maynotdefineauniquerecon-
structionup to scaleandtranslation.In theabsenceof noisein theobservation,theranks
of certainsubsystemsindicatewhetherthis is thecase.In thepresenceof noise,therank
is altered,but a “twin” systemmaybebuilt whoserank indicateswhetherthe input data
definesa reconstructionthatis uniqueup to scaleandtranslation.

5.1 Linear system

ConcatenatingEquations(6) obtainedfrom the input data,oneobtainsa systemof �
equations: � ��v ' � x � h H�rt i Z��

\]^ � �...���
_�`a � ��� � � � (7)

where � is the ����� matrix of coefficientsthatmultiply the @ 9 and � , ���&�$5 ,
multipliesthe � 8 . We usetheabbreviations � �I� ��v ' � x � , and � ��� Hsr$��t � .

Row and columnpermutationsmay exposea block-diagonalstructurein � . Each
block correspondsto one“connected”objectin the input dataandwe will usetheterms
“block” and“object” indifferently. Eachblock of � correspondsto a subset(definedby
thecolumnsof theblock) of coordinatesin � , anda subset(definedby therows) of 2D
features. We will say that block �C� is visible in the imagesin which the 2D features
appear.

It is assumedthat � � � � is itself single-block.If this is not thecase,thedatacontains
totally unrelateddatasets.Eachonecanbetreatedseparately, asdescribedbelow.



638

After identifying, in � , blocks � � �0/1/1/1� ��  (if any) thatarevisible in oneimageonly
andgroupingtheremainingblocks(if any) in � � , Eq. (7) becomes:\]]]^ � � . . . ��  � �

_ ```a
\]]]^ � �...�¡ � �

_ ```a Z
\]]]^ � �...�  � �

_ ```a
\]^ � �...� �

_ `a �Y���?¢ � � (8)

Here, � hasbeensplit into � � �0/1/1/0� �¡  and � � . Each � � is decomposedin � � �( � �� /1/1/ � �� * , whereeach� 8� hasthreecolumnsandmultipliesoneof the � 8 .
5.2 Nature of solutions: corank criteria

Def. 1 : We saythatthereconstructionof block £ , visible in image¤ , is uniquelydefined
up to a scalefactorif andonly if thereis a �¦¥� suchthat for all � � , ��§ thatsolve� � � � Z¨� §� ��§ �©� , thereis a scalefactor } � suchthat � � is of theform :�j� �ª} �	� ¥� Z¨« � � § / (9)

Here « � is definedin thefollowing way : row number¬ of « � , if it correspondsto

a coordinate@ r 9 , takenalongthe ­ th axis(1, 2 or 3 for “x”, “y” and“z”), is equal
to � �M . Otherwise,if it correspondsto adistance® 9 , it is equalto � � ¢ � .

Equation(9) clearlydisplaysthe“scaleandtranslation”interpretation,} � beingthescale
and « � ��§ thetranslationin thecoordinates.

Fromnow on, we assumethatall the @ 9 aredistinctandall the X 9 arenonzero.One
thenhasthefollowing properties2 :

Prop. 1 Reconstructionof block £ is uniquelydefinedup to a scalefactorif andonly if�C� hascorankequalto one.

Prop. 2 All blocks �C� definedwithout metricinformationhavecorankequalto one.

We now turn to therestof thesystem:

Def. 2 We saythatthereis asinglerigid solutionto thesystem

� � � � Z�� �
\]^ � �...� �

_�`a �Y� (10)

if thereexist somevectors ¯ � �	�0/1/1/0� ¯ ��� % � � and � u ¥ suchthat for all � � ,� �.�0/1/1/0� ��� thatsolve (10), thereexistsa scalefactor } suchthat� 8 � } ¯ � 8 Z � �±° %&� =�/1/1/ 5 
 and� �²� } � u ¥ Z¨« � � (11)

2Demonstrationsarenot givento savespace.They appearin anarticlesubmittedto a journal.
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Note that, in this definition,all the camerapositionsareuniquelydefinedby � � . Also,
thereis asinglescalefactor, evenif � � canbeblock-diagonalizedin morethanoneblock.

Thefollowing propertyholds:

Prop. 3 Thereis asinglerigid solutionif andonly if � � � � �³� hascorankfour.

Properties(1-3) hold for all possiblesizesof the �C� and � � .
5.3 Corank criteria in the presenceof noise: twin matrices

The criteria given in Prop. (1-3) arevalid whenthereareno errorsin the input image
features.In thepresenceof errors,therankof submatricesof � and � � � � is altered,so
thatthecorankcriteriaproposedabovecannotbeuseddirectly. However, a“twin matrix”
maybebuilt, thathastherankthat � � � � would have in theabsenceof noise.Thecorank
criteriaareusedon thetwin matrix.

The twin matrix hasthe sameshape3 as � � � � . Distinct coordinatesH andcamera
positions� 8 aregeneratedrandomly. The3D linesEq. (4) correspondingto thesecoor-
dinatesprojectin 2D lines:!���P @ � � K � 9 u u U[´ 9 u K P @ � K � 9 u U)´ 9 u u � (12)

where � ´ � ´ � ´ � �L� ~sµ � . Thetwin systemis built from theselinesin theexactsameway
that � � � � wasbuilt from the linesEq. (3). Oneshows thatnoisein thevanishingpoints
doesnot alter the rankof the twin matrix. In consequence,thetwin matrix hasthe rank
that � � � � would have in theabsenceof noise.Usingfloating-pointarithmetic,the rank
of thetwin matrixcanbereliablycomputed[7], whichguaranteesthatthecorankcriteria
Prop.(1-3) canbecomputedfrom thetwin matrix.

5.4 Computation of solutions

In thissection,weshow how to computevectors�?¥� , � u ¥ and ¯ � 8 from thematrix � � � �
andhow to obtaina particularsolutionto Eq. (8).

In theabsenceof noiseandif � � � � �³� hascorankfour, �?¥ and ¯ � �$�1/1/0/1� ¯ �s� verify :

� � � ¥ Z¨� � �
\]^ ¯ � �...¯ � �

_�`a �Y� �¶¢ ���
where� � � is obtainedby removing thefirst threecolumnsin � � (whichcorrespondto � � ).
Clearly, in theabsenceof noise,� � � � � � � hascorankequalto one.In thepresenceof noise,
this is not thecaseany more,but thesingularvector[7] of � � � � � �³� correspondingto the
leastsingularvaluemay be taken asan estimateof � �¦¥��A¯ � � � /1/0/ �>¯ ��� � . The �?¥� are
likewiseestimatedby thesingularvectorsof �S� correspondingto theleastsingularvalue.
A particularreconstructionis givenby :�·� �ª} �	� ¥9 Z¨« � � � P�£¦%&� �q/0/1/�¸¹
�U and� 8 � ¯ � 8 Z � � P ° %�� �q/0/1/ 5 
�U (13)

for some}-���1/0/1/1�A}   , }p� % � and � � % � � .
3Zerosoccurat thesameplacesin bothmatrices.
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Figure2: Original image(left) andtwo viewsof reconstruction.

5.5 Summary of the reconstructionalgorithm

Identification: Identify distinct coordinatesanddistancesand the correspondencebe-
tweentheseandtheobservations.

Lines: For each2D point # 9 , build thelines !�� ( # �9 ��* �·7 M between# 9 andtwo at least
of thevanishingpoints 7 M in thatimage.

System: Usingthelinesobtainedabove,build thematrices� and � of thelinearsystem.
Block-diagonalize� � � � andapplythefollowing stepsto eachblock.

Twin system: Generaterandomdistinctcoordinatesandcamerapositionsandthecorre-
spondingobservations.Fromthese,build thetwin matricesof � and � .

Factorization: Factorize� in � �.�0/1/1/0� �   and � � .
Characterization: Determinethenatureof thesolutionsfrom therankof the twin ma-

tricesof each� 9 andof � � � � �³� .
Reconstruction: Computea solutionto Eq. (8) asproposedin Section5.4.

6 Experimental results

In this section,experimentalresultsarepresented.In all examples,the reconstruction
basisis orthonormal.

Singleimage Figure1 (right) showsthereconstructionobtainedfrom thedatadescribed
in theintroduction,with theextraassumptionthatpoints(5-7and9-11)arecoplanar. The
verticalfacesof thecubeform anangleof 87 degree,which indicatesthat theEuclidean
structureof thesceneis well captured.
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Figure3: Two indoorimages,looking aheadandto theright, andthereconstruction.

Figure2 (left) shows an imagewith 122pointsand(middle, right) two views of the
correspondingreconstruction.Thelengthsof º , º�» and ¼ are151,102and26 respec-
tively. Symmetryrelationsareneededto obtaina uniquelydefinedsolution.

Multiple images Figure3 showstwo indoorimages,takenfrom almostthesameplace,
atapproximatelyright angle.61pointswereidentified,nonebeingvisible in bothimages.
Thetwo imagesareconnectedonly by two horizontalplanes(ceiling andfloor) andone
verticalplane: theleft wall in thesecondimage,whichappearsin theextremeright of the
first image.Without metric information,thesystemwould besingle-blockbut without a
singlerigid solution: thesecondcameracouldbetranslatedforwardarbitrarily. However,
by specifyingthatthetwo sidesof thehall haveequallengths,oneenforcestheexistence
of asinglerigid solution: thedistancefrom theleft wall in thefirst image(markedwith an
“A”) to thefarthestdoorin thesecondimage(marked“A-prime”) is equalto thedistance
from the right wall in the secondimage(marked “B-prime”) to the farthestdoor in the
first image(marked“B”). Here,metricinformationrelatesfeaturesin differentimages.

7 Conclusionsand futur ework

We have presenteda methodfor 3D reconstructionfrom one or more views basedon
imagefeaturesandauxiliary geometricinformationprovidedby theuser. Themain im-
provementsin theproposedmethodare:½ A criterion, insensitive to noise,determinesthe natureof the solution,beforethe

reconstructionis attempted.
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¾ Many imagesmaybeprocessedatonceratherthansequentially, asin [11].¾ Somesymmetryrelationsand,moregenerally, knowledgeof distanceratiosalong
theprincipaldirectionscanbeexploited.

Theproposedmethod,whichdoesnotusespecialshapes,couldaddflexibility to asystem
suchas[4], which requiresobjectto fit in templatesin its initial reconstructionphase.

If a probabilisticmodel of the error in the observationsis given, maximumlikeli-
hoodestimationcouldprovidemorepreciseandstatisticallycharacterizedsolutions.The
presentmethodcouldprovideaninitial estimateMaximumlikelihoodestimationis likely
to be implementedby an iterative processrequiringan initial solution,which could be
provided by the presentedmethod. Ongoingwork also aims at extendingthe method
to handlemorethanthreepredominantdirectionsandauxiliary informationrelatingthe
positionsof thecameras.

Acknowledgements aredueto grantPRAXIS/ BD / 19594/ 99andprojectCameraECFTMP
Network ERBFMRX-CT97-0127.
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