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Abstract

Thispaperconsidergheproblemof 3D reconstructiorirom 2D pointsin one
or moreimagesand auxiliary informationaboutthe correspondin@D fea-
tures: alignmentscoplanaritiesratiosof lengthsor symmetriesaareknown.
Our first contribution is a necessanand sufficient criterion that indicates
whetheradatasetor subsetshereof,definesarigid reconstructiomupto scale
andtranslation. Anothercontribution is a reconstructiormethodfor oneor
moreimages. We shawv that the obsenationsimposelinear constraintson
thereconstruction.All the input data,possiblycomingfrom mary images,
is summarizedn a single linear system,whosesolution yields the recon-
struction. Thecriterionwhich indicateswhetherthe solutionis uniqueup to
scaleandtranslationis the rank of anotherinear system,calledthe “twin”
system. Multiple objectswhoserelative scalecanbe arbitrarily chosenare
identified. Thereconstructions obtainedup to an affine transformationpr,
if calibrationis available,upto a Euclideantransformation.

1 Intr oduction

Reconstructingstatic scenesvith somegeometricstructurehasrecentlydrawvn a lot of
attention[4, 11, 5]. By structurejt is meantthatsomesetsof 3D pointsverify properties
of coplanarity alignmentor symmetryor that somedistanceratiosareknown. This situ-
ationis of practicalimportancebecausét is commonin man-madecenesandbecausét
mayallow to obtainreconstructiorirom a singleview. Possibleapplicationsanbefound
in urbanism(virtual modelsof existing or ancientbuildings), leisure(modelsfor virtual
reality), real-estatémodelsof insideandoutsideof houser appartmentsgtc.

Thegeometridnformationis givena-priori,asin [4, 11, 3, 2].

Therearetwo main contributionsin this paper Thefirst is a criterion thatindicates
whethera givendatasetlefinesthe reconstructiorof oneor moreobjectsup to scaleand
translation.This criterionis calculatedasthe rank of a matrix introducedin Section5.3
andis insensitve to noise. The secondcontribution is a methodfor obtaininga recon-
struction. All theinput data,which may comefrom mary images,s “summarized”in a
singlelinear systemwhosesolutiongivesthe reconstructionln the presencef errorsin
theinputimagefeaturesaleast-squaresolutionis sought(Sec.5.4).
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Figurel: A simple3D scengleft) andits reconstructiorfright). If thebottompointswere
not known to be coplanay the relative scaleof pyramid and cubewould be ambiguous
(middle).

We usethree“predominant’directions which form thebasis—-notnecessarilyprthog-
onal [11, 12, 3]- in which reconstructionis obtained. The vanishingpoints' of these
directionsplay a specialrole [3, 12, 2] andareassumedo have beenestimated 10, 9]
andgivenin theinput data.

If theanglesbetweenthe “predominant”3D directionsareknown, partial calibration
of the cameracanbe computedrom the vanishingpoints[1, 12, 8, 2] andan Euclidean
reconstructiowill obtained Otherwise an“affine” reconstructioris obtained6].

An exampleof input datais shawvn in Figurel (left). The predominantirectionsare
the“x”, “y” and“z” axes(“x” and“y” arealignedwith the baseof the pyramid). This
datasetonsistsof 11 pointsandsomeauxiliary information: the 3D points(1-4), (5-7)
and(9-11)lie in ahorizontalplane.Also, points(1,5),(2,6)and(3,7) lie onthreevertical
lines,and(s)hehassaidthatpoint 8 is midway, alongthe“y” axis betweernpoints9 and
10. Theinput datais preciselydefinedin Section2.2.

Publishednethodauseauxiliary informationthatinvolve alignment,coplanarity[12,
2,11], knowledgeof world distance$3, 11] andangles Additionally, theversatilityof the
methodis increasedy the useof known ratiosof distancesin this way, somesymmetry
relationscanbeexploited. In all the presente@xperimentakesults(Sec.6), somelength
ratiosareknown, whithoutwhich the reconstructionsould not be obtained.

An importantcontribution of the proposednethodis thatit determineshetherthere
aremary objectsthatcanbe scaledindependentl\fFigure 1(middle)),andwhethereach
onedefinesarigid reconstructior{Prop.(1-3)). In thesimplestcasejf nolengthratiosor
symmetriesaareknown andif a singleimageis used,eachobjectis alwaysdefinedup to
ascalefactor(Prop. (2)). In the moregeneralcase eachobject(Def. 1 and2 andProp.
(1,3)) doesnot necessarilyhave arigid solution,soit is indispensabléo have a criterion
thatindicatesthe natureof the solution.

2 General conditions

In this sectionthe notationis introducedandtheinput datais preciselydefined.

1The vanishingpoint of a 3D directionis the image point in which intersectall projectionsof 3D lines
parallelto thatdirection.
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2.1 Notation

Thethree*predominant”3D directionsarecalledv;, v, andvs. Pointsin R? arealways
representedy their coordinatesn the basis{vy, va, vs}. We definee; = [100]",
e; =[010],e3 =[001]". Linesin theimagearerepresentetly a3 x 1 vectorl. The
setof pointscontainedn thelineis {x € R?| [x" 1]1=0}.

2.2 Input Data

The input dataconsistsin 2D pointsin the image(s)and auxiliary information which

indicatesgeometricpropertiesof the correspondin@D objects. The image points can
be givenin the pixel coordinatesr, if calibrationis known, in the Euclideancoordinate
systemassociateavith the camera.

2.2.1 Imagefeatures
1. Imagepointsx, ..., xp, projectionsof 3D pointsXy, ..., Xp.

2. Thevanishingpointsof the3D directionsvy, vo, vs. If F' > 1imagesareavailable,
thevanishingpointsarecalledrz?c ,1 € {1,2,3}. Eachoneis a3 x 1 vectorof
homogeneousoordinates. Thesevectors[1] form the threefirst columnsof the
projectionmatrix (SeeEg. (2)).

2.2.2 Auxiliary information

1. Knowledgethat someobsened 3D pointsbelongto planesparallelto two of the
canonicalaxes. Eachplaneis expressedasa list of (indicesof) imagefeatures.
For example,in Figure1, the userwould have specifiedthat points (1-4) lie on a
horizontalplaneetc. Linesareformedby theintersectiorof two planes.

2. Informationon ratios of distancegaken alongpredominantirections. For exam-
ple, thedistancealongthe"y” axisfrom point9 to 8 is equalto thatfrom point8 to
10. We call this information“metric information”.

3. If mary imagesareavailable,oneknowswhichimageeach2D featurecomesrom.

Notethat,whenmary imagesaregiven, planesmay containpointsobsenedin different
images.A 3D pointvisiblein mary imagesanbe“tracked” by defininga“x=constant”,a
“y=constant"anda “z=constant’planethatcontainall the projectionsof thatpoint. Also,
metricinformationmayrelatepointsvisible in differentimagesandthe relateddistances
may betakenalongdifferentaxes(SeeSec.6).

Auxiliary informationis giventhrougha text interface,but graphicalinterfacescan
beimagined[4]. We do not know of automatiovaysof obtainingauxilliary information
from 2D points,muchlessfrom imagesgxceptin simplecases.

3 Useof auxiliary information
First,thesetof distinctcoordinatesieededo describehe3D datais determinegndcoor

dinatesarerelatedto imagefeatures.Then,usingthe metricinformation,the coordinates
areexpressedsa linearfunctionof asubsebf coordinatesandof signeddistances.
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Considerin theinput datain Figurel (left), theline (10,11). Sincethis line is par
allel to the “x” axis, the coordinatesof thesepoints are of the form [C}, C2, C3] and
[C4, Ca, Cs] respectiely. Thesecondandthird coordinatesreidentical. Then,consider
ing thattheline (9,10)is parallelto the“y” axis,thecoordinate®f point9 arenecessarily
of theform [C4, C5, Cs]. By usingall the usersuppliedinformation, the setof distinct
3D coordinate<’, . .., Cy isidentified,andoneknows the correspondanceetweer?D
pointsand 3D coordinates.This is easilyimplementedusingbasicsetoperations.The
distinctcoordinatesaregroupedn avectorC = [Cy,.. ., CN]T.

Then,knowing thatsomedistancestakenalongcoordinateaxes,areequal,or have a
known ratio u yieldsconstraintof the form :

Ci—Cj :u(Ck —Cl).
Definingthe signeddistance/ = C}, — Cj, onegets

Ch, = C+W
C; = Cj+uW,

or, in matrixterms,

Ci 1 u
c; | _ |1 Cj 0
Cr | 1 [ Ci ]+ |1
C 1 — 0 w
Co . ,
B U

The valuesof C;, C;, Cy andC; areuniquelydefinedby C;, C; andW. Usingall the
users input, C is representeds a linear function of a sub-vector Cy and of a vector
signedof distancesW = [Wy,..., Wp]':

C=BCy+UW. (1)
The choiceof matricesB andU is not unique. One possiblerepresentations chosen
thatminimizesthe sumof lengthsof Cy andW andalsominimizethelengthof W. If
no metricinformationis used,B is theidentity matrixandU is azero-colummmatrix.

4 Useof imagefeatures

We now shav how the obsenationsimposelinear constrainton Cy andW. Theobser
vationareproducedy apinholecamera.Theprojectionof a3D pointX with coordinates
[Cy,Cy, 03]T (in basis{vy, va,v3}) toa2D pointx = [z;, 23] canbemodeledas[8]:

X X
[ 1 :| = )\[ ry ro I3 —RT ] |: 1 :| (2)
for some\ € R. Here, T is thevectorof (unknowvn) coordinate®f the opticalcenter

If theprojection[x " 1] T of apointwith coordinate€e; + C'e; +C"e;» is obsened,
onemay|[8] build the2D line 1 passinghroughthatpointandary oneof ther; :

1~rix[)1(]. 3)

636



This 2D line is moreorerthe projectionof the setof pointswith coordinates
{Y | JueR, Y = pe; + C'ei/ + C”ein} . (4)

The projectionof a 3D pointbelongingto thisline hastheform :

[y] = )\[ r, rp rs ](uei+C”e,~/+C”e,~~)—)\RT

1 ®)
= A (/ﬂ',’ + CII‘,'I + C”I‘,’H - RT)
If C', C" andT arenot known, but the userhaslocatedl in the image,one hasa
linear constrainton C’, C" andT : ary 2D pointy in 1 verifies[y " 1]1 = 0, sothat,
afterexpansionpnehas:

O fd lTI‘z'l Cl + ITI‘Z'HC” — lTrz‘l Tz‘l — lTriu Ti" (6)

This equationis a linear equationin the coordinatesandin T. Oneverifiesthatthe
threeconstraintgyiven by eachpoint (oneconstraintper vanishingpoint) form a system
of ranktwo only.

5 Solutionsto the reconstructionproblem

Thecoordinatesdistancesandcamergpositionsaresolutionsof a linearsystemobtained
from theabove-describedonstraintsThis systemmayor maynotdefinea uniquerecon-
structionup to scaleandtranslation.In the absenc®f noisein the obseration,theranks
of certainsubsystem#dicatewhetherthis is the case.In the presencef noise,therank
is altered,but a “twin” systemmay be built whoserankindicateswhethertheinput data
definesareconstructiorthatis uniqueup to scaleandtranslation.

5.1 Linear system

Concatenatindgquations(6) obtainedfrom the input data, one obtainsa systemof M
equations:
T,

[AB|AU][S§]+L C | = Ow 7)
Tr

whereA is the M x N matrix of coeficientsthatmultiply the C; and L, M x 3F,
multipliesthe T ;. We usetheabbreiationsE = [AB | AU], andV = [Cy; W].

Row and column permutationgnay exposea block-diagonalstructurein E. Each
block corresponds$o one“connected’objectin theinput dataandwe will usetheterms
“block” and“object” indifferently. Eachblock of E correspondso a subset(definedby
the columnsof the block) of coordinatesn V, anda subsetdefinedby the rows) of 2D
features. We will saythat block E, is visible in the imagesin which the 2D features
appear

It is assumedhat[E L] is itself single-block.If this is notthe casethe datacontains
totally unrelateddatasets.Eachonecanbetreatedseparatelyasdescribedelow.
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After identifying,in E, blocksEy, ..., Eg (if ary) thatarevisible in oneimageonly
andgroupingtheremainingblocks(if arny) in E', Eq. (7) becomes

E Vv, L T,
: + : : = Onmx1, (8)
Eq Vo Lq
E' v’ L Tr

Here, V hasbeensplit into Vi,..., Vg andV'. EachL, is decomposedn L, =
[L}...LE], whereeachL/ hasthreecolumnsandmultipliesoneof the T .

5.2 Nature of solutions: corank criteria

Def. 1 : We saythatthereconstructiorof block p, visible in imageg, is uniquelydefined
up to ascalefactorif andonly if thereis a'V; suchthatfor all V,, T, thatsolve
E,V, + LJT, = O, thereis ascalefactor), suchthatV, is of theform:

V, =\, V5 + S,T,. 9)

Here.S, is definedin thefollowing way : row numberr of S,, if it correspondso

acoordinateCy;, takenalongthejth axis(1, 2 or 3 for “x”, “y" and“z”), is equal
to e]-T. Otherwise|f it correspond$o adistancew;, it is equalto O xs.

Equation(9) clearlydisplaysthe“scaleandtranslation”interpretation A, beingthescale
andS, T, thetranslationin thecoordinates.

Fromnow on, we assumehatall the C; aredistinctandall the W, arenonzero.One
thenhasthefollowing properties :

Prop.1 Reconstructiorof block p is uniquelydefinedup to a scalefactorif andonly if
E, hascorankequalto one.

Prop.2 All blocksE, definedwithout metricinformationhave corankequalto one.
We now turnto therestof the system

Def. 2 We saythatthereis asinglerigid solutionto thesystem

T
EV'+L'| : [=0 (10)
Tr
if thereexist somevectorsAT,,...,ATr € R3 andV'* suchthatfor all V',
Ty,...,Tr thatsolve (10), thereexistsa scalefactorA suchthat
T; = MTy+T, fe{2...F}and (11)
V' = AV*+8T,

2Demonstrationarenot givento sae space They appeain anarticle submittedto ajournal.
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Notethat, in this definition, all the camerapositionsare uniquelydefinedby T;. Also,
thereis asinglescalefactor, evenif E’ canbeblock-diagonalizeih morethanoneblock.
Thefollowing propertyholds:

Prop. 3 Thereis asinglerigid solutionif andonly if [E' L'] hascorankfour.

Propertieg1-3) hold for all possiblesizesof the E, andE'.

5.3 Corank criteria in the presenceof noise: twin matrices

The criteria givenin Prop. (1-3) arevalid whenthereare no errorsin the inputimage
features.In the presencef errors,therank of submatrice®f E and[E L] is altered,so
thatthecorankcriteriaproposedibore cannotbe useddirectly. However, a“twin matrix”
may bebuilt, thathastherankthat[E L] would have in theabsencef noise.Thecorank
criteriaareusedon thetwin matrix.

The twin matrix hasthe sameshapé as[E L]. Distinct coordinatesC and camera
positionsT; aregeneratedandomly The 3D linesEq. (4) correspondingo thesecoor
dinatesprojectin 2D lines:

1 ~ (C” - Tz'u) S;r — (Cl - Tzl) S, (12)

where[s; s3 s3] = R~ T. Thetwin systemis built from theselinesin the exactsameway
that[E L] washbuilt from thelinesEq. (3). Oneshaws thatnoisein the vanishingpoints
doesnot alterthe rank of the twin matrix. In consequencehetwin matrix hasthe rank
that[E L] would have in the absencef noise. Using floating-pointarithmetic,the rank
of thetwin matrix canbereliably computed7], which guaranteethatthe corankcriteria
Prop.(1-3) canbe computedrom the twin matrix.

5.4 Computation of solutions

In this sectionwe shav how to computevectorsV*, V'* andAT; from thematrix [E L]
andhow to obtaina particularsolutionto Eq. (8).

In theabsencef noiseandif [E’ L'] hascorankfour, V* andATs, ..., AT verify :
AT,
E'V*+L" : = Owmrxi,
ATp

whereL" is obtainedby remaving thefirst threecolumnsin L’ (which correspondo T ).
Clearly, in theabsencef noise,[E’ L"] hascorankequalto one.In the presencef noise,
this is not the caseary more,but the singularvector[7] of [E’ L] correspondindo the
leastsingularvalue may be takenasan estimateof [V*; ATy;...; ATF]. The V; are
likewiseestimatedy thesingularvectorsof E, correspondingo theleastsingularvalue.
A particularreconstructions givenby :

V=XV, +S5Ti(pe{l...Q})andT; = AT+ T (fe {1...F}) (13)

for somel, ..., g, A’ € RandT; € R3.

3zerosoccuratthe sameplacesin bothmatrices.
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Figure?2: Originalimage(left) andtwo views of reconstruction.

5.5 Summary of the reconstructionalgorithm

Identification: Identify distinct coordinatesand distancesand the correspondencbe-
tweentheseandthe obsenations.

Lines: For each2D pointx;, build thelinesl ~ [x; 1] x r; betweenx; andtwo atleast
of thevanishingpointsr; in thatimage.

System: Usingthelinesobtainedabove, build thematricesE andL of thelinearsystem.
Block-diagonalizd E L] andapplythefollowing stepsto eachblock.

Twin system: Generateandomdistinctcoordinatesandcamergpositionsandthecorre-
spondingobsenations.Fromthese puild the twin matricesof £ andL.

Factorization: FactorizeE in Ey, ..., Eg andE'.

Characterization: Determinethe natureof the solutionsfrom the rank of the twin ma-
tricesof eachE; andof [E' L'].

Reconstruction: Computea solutionto Eq. (8) asproposedn Section5.4.

6 Experimental results

In this section,experimentalresultsare presented.In all examples,the reconstruction
basisis orthonormal.

Singleimage Figurel (right) shavsthereconstructiombtainedrom thedatadescribed
in theintroduction,with the extraassumptiorthatpoints(5-7 and9-11)arecoplanar The

verticalfacesof the cubeform anangleof 87 degree,which indicatesthatthe Euclidean
structureof thescends well captured.



B’
Figure3: Two indoorimagesJ)ooking aheadandto theright, andthereconstruction.

Figure2 (left) shawvs animagewith 122 pointsand (middle, right) two views of the
correspondingeconstructionThelengthsof C, Cy andW are151,102and26 respec-
tively. Symmetryrelationsareneededo obtaina uniquelydefinedsolution.

Multiple images Figure3 shavstwo indoorimagestakenfrom almostthe sameplace,
atapproximatelyight angle.61 pointswereidentified,nonebeingvisiblein bothimages.
Thetwo imagesareconnectednly by two horizontalplanes(ceiling andfloor) andone
verticalplane: theleft wall in thesecondmage which appearsn theextremeright of the
firstimage. Without metricinformation,the systemwould be single-blockbut without a
singlerigid solution: theseconccameracouldbetranslatedorwardarbitrarily. However,

by specifyingthatthetwo sidesof the hall have equallengths oneenforceghe existence
of asinglerigid solution: thedistancdrom theleft wall in thefirstimage(markedwith an

“A") to thefarthestoorin thesecondmage(marked“A-prime”) is equalto the distance
from the right wall in the secondmage (marked “B-prime”) to the farthestdoorin the
firstimage(marked“B”). Here,metricinformationrelatesfeaturedn differentimages.

7 Conclusionsand futur e work

We have presentech methodfor 3D reconstructiorfrom one or more views basedon
imagefeaturesandauxiliary geometricinformationprovided by the user The mainim-
provementsn the proposednethodare:

e A criterion, insensitve to noise,determineghe natureof the solution, beforethe
reconstructions attempted.
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e Marny imagesmaybeprocesse@tonceratherthansequentiallyasin [11].

e Somesymmetryrelationsand,moregenerally knowledgeof distanceratiosalong
the principaldirectionscanbe exploited.

Theproposednethod which doesnotusespecialkhapescouldaddflexibility to asystem
suchas[4], which requiresobjectto fit in templatesn its initial reconstructiorphase.

If a probabilisticmodel of the errorin the obsenationsis given, maximumlik eli-
hoodestimationcould provide morepreciseandstatisticallycharacterizegdolutions.The
presenmethodcouldprovide aninitial estimateMaximumlik elihoodestimatioris likely
to be implementedby an iterative processequiringan initial solution, which could be
provided by the presentednethod. Ongoingwork also aims at extendingthe method
to handlemorethanthreepredominandirectionsandauxiliary informationrelatingthe
positionsof thecameras.
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