
471

A Practical Method for Estimation of Point
Light-Sources

Martin Weber
�
andRobertoCipolla

Departmentof Engineering,Universityof Cambridge
Cambridge,CB2 1PZ,UK
mw232@cam.ac.uk

Abstract

We introducea generalmodelfor point light-sourcesandshow how thepa-
rametersof a sourceat finite distancecan be estimatedby shadingon an
objectwith known geometryandLambertianreflectance.Theparameterswe
estimateincludenot only the directionbut also the locationof the source.
Furthermore,we arguethat the systemintroducedherecanbe usedin arbi-
trarily complex backgroundillumination,providedonecanswitchonandoff
thelight-sourcethatis to beestimated.

1 Intr oduction

Theeffect of a light-sourcecanbeseenasa mapthatsupplieseachpoint in spacewith
a radiancevalue.Thecorrectestimationof illumination playsanimportantrole in many
branchesof ComputerVision. The importanceof light estimationis explicitly appar-
entin all applicationswhichusephotometricmeasurements(intensities)whichobviously
dependon theillumination. However, theestimationof light canalsobecrucialfor tech-
niquessuchastexturebasedvisionwhicharenotexplicitly intensitydependent.Concrete
applicationsincludeall reconstructionproblemsthatusephotometricmeasurements(such
asshapefrom shading[4, 3], photometricstereo[11, 13]), but also for instanceAug-
mentedReality applications[5] wherevirtual objectshave to be renderedinto a scene
with correct lighting and shadow. We focus our attentionon reconstructionproblems
while keepingtheset-upgeneralenoughnot to excludeotherapplications.

2 Previous Work

In mostof the early work doneon reconstruction[4, 3], a point light-sourceat infinite
distanceis assumed[8], in somecasesin specialalignmentwith thecamera.Compara-
bly mucheffort wasmadein somecases[12], to calibratethe positionandintensityof
light-sourcesmanuallyto therequireddegreeof accuracy. Someauthorsalsoaddressthe
relatedquestionof reflectanceestimationin their frameworks[10, 14]. More recentwork
discussesmethodsthatweredevelopedto estimatecomplex illumination distributionsin
infinite distanceapproximation.In the literature,onefinds two differentapproachesto
modeltheilluminationdistributionover thehemisphereof incidentdirections:eitherasa
functionalexpansion[6] or asadiscretisationbysub-dividingthehemisphere[9].
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3 Moti vation and Applications

As we will demonstrate,thestandardassumptionsof infinitely farand/orsourcesaligned
with the camera,are not necessary. Furthermore,we show how to estimatethe light-
sourcereliably, solelybasedon theshadingobservedin oneimage.

Our approachto the estimationof light-sourcesis motivatedby the reconstruction
problem(i.e. theimagebasedrecoveryof shapeandotherpropertiesof viewedobjects).
Thereconstructionprocesscanbeviewedasthe inverseof thephysicalprocessthatgen-
eratestheimage.Thephysicalprocess,thatis simulatedby ComputerGraphicssystems,
consistsof aninterplayof thefollowing ingredientswhich wehave to model.� Light-source(Emitter): We introducethegeneralmodelof apoint light-sourcein

section4.� Surface(Reflector): We assumea known geometry(objectssuchascubes,cylin-
dersor spheres)with homogenousLambertianreflectanceandconvex shapeto ex-
cludeinter-reflections.� Camera (Receiver): The modelof a perspective camerais employed andpixels
areconvertedinto radiancevaluesusingthe inverseresponsefunctiondetermined
in radiometriccalibration.

Assumethatwe havea camerathatis geometricallyandphotometricallycalibrated1. For
the processof geometriccalibration,we refer the readerto [2]. Now, assumefurther,
that we have a single imageof a known object which hasa homogeneoussurfaceof
Lambertianreflectance.Then it is conceivablethat the setof all possiblelight-sources
thatcangeneratetheviewedimageis severelyrestricted.Intuitively, it shouldbepossible
to determinethedirectionof theincidentlight, providedoneobservesthereflectionon at
leastthreepointswith linearlyindependentsurface-orientations.As will bedemonstrated,
this is indeedthe case. Beyond this intuition we will demonstratethat apartfrom the
directionof thesource,otherparameters(e.g.its distance)canbeestimatedtoo.

In the following, we will assumethat the illumination canbe viewed asoriginating
from onepoint-likesource.We give thefollowing reasonsto justify this assumption:� Many sourcescan be approximatedas point-like if their distanceto the viewed

objectis muchgreaterthantheirextensions.� A reflectorcanbeapproximatedasa point light-sourcewith a virtual origin lying
behindtheactualreflector.� Theeffectof arbitrarycomplex backgroundilluminationcanbeeliminatedby sub-
tractingimagestakenwith thesourceto beestimatedswitchedon andoff.2

In order to checkthe result of the estimationwith the reality, we simulatedthe image
formingprocessandcomparedimagesrenderedusingthevirtual source,objectandcam-
erawith therealimages.

1As waspointedout in [7], any cameracanbecalibratedphotometricallyprovided thepixel-exposurecan
bevaried.

2Note that in orderto subtract,we first needto convert pixel valuesinto radiancevaluesusingthe inverse
responsefunctionof thecamera.
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4 A GeneralPoint Light-SourceModel

4.1 The assumptions� Pointlight-source:Light originatesfrom onepoint.� Transparentmedia:No significantattenuationof light by themedia(air).� Directillumination: Thechangeof thelight field from inter-reflectionsis neglected.����� -rotationalsymmetry:We assumethat thereexists at leastoneaxis of rotation
which leavesthedistributionof radiatedlight invariant.

4.2 The model

Given theseassumptionswe canstatethe mostgeneralmodel for the light-sourceasa
map ���
	���
�	������
�������� thatassignsa radianceto eachpoint � (in anemptyspace):

��������� ������ ���"!$# �&%'�����(�*)'� (1)

With %'�����+�-,/.10324 .1032 4 �6587�9:	 . Where �;9:	�� representsthepositionof thesource,5<9=	��
thedirectionand )=9>	�? parametersof theangulardependentstrength# . (For a multi-
spectralsource,onewould have to replace� and # by functionsdependingalsoon the
wavelength.)

For laterreference,wesummarisethe(first) derivativesof � with respectto themodel
parameters�@�*) and 5 :�� A �A �CB � D �E���F�G� BH �I�F� H !IJ �#

A #A % ,�53�����K�&7L���I�K�&� B �M�E���F�G� ! 5 BH �I�K� H � (2)�� A �A )LN � �
#
A #A )LN (3)�� A �A 5 B � �

#
A #A % ���I�K�&� BH ���K� H (4)

4.3 Proof of the claims

We have to convince ourselves that using the above assumptionsany model is of the
statedform. For this purpose,imaginea sphereof radius

�
containingthe light-source

asits centre(saytheorigin). Sincewe assumeda � � -symmetry, we canfind a direction5�9 � ! with theproperty� H O'P �������RQ/�TSU��53�����6� (with somefunction Q ) andsince ,�53����7��H 5 H"VXWZY �GSU�&5[�&���"� we haveprovedthat � H O P is of theform claimed.
Now considera surfacepatch 5'\ on � ! . Assumingthat themediais transparent,we

candeducethat the power radiatedin the directionis independentof the distancewhile
the sizeof the patchincreasesquadratically3. This provesthe generalityof the stated
form, andthederivativesfollow by standarddifferentiation.

3Thesurfaceareaof asphereis ]6^6_ P[`Xa<b�cXd ]e_ P3`Xa�b f(g'cXd
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4.4 Examples

In thispaperwerestrictourselvesto modelsourceswith hi� � andanangulardependency
of theform # �&%Z�6)8��� j ) J % if

H % H$k %mln
else

(where % l 9o	 suchthat # �G%
�*)'�qp n is ensured)4 which includestwo importantcases:� Isotropicsource:5r� n , # is independentof thedirection.� A simple spot light-source: 5ts� n , points in the directionof maximal intensity
andencodestheextentof thespot-naturein its absolutelength. % l limits theangle
in which the spotradiates(or canbe approximatedby this simpleangulardepen-
dence)5.

5 Parameter Estimation fr om Shading

In thefollowing two sectionswegathertheinformationneededto estimatetheparameters
of thepoint light-sourcesolelyfrom shading.

5.1 Model evaluation

Givenany guessof theparameters,we needto beableto evaluatethemodelandpredict
themeasurements.As statedearlier, weassumedthecamerato befully calibratedandthe
objectto beknown. AssumingLambertianreflectancewe canthenpredicttheirradianceu observedat agivenpoint vw9o	 ! in theimageto beu �x�3�E���zy ��� �H ��� � H �"h�{ (5)

where� is projectedby the camerato v and h is the (outward)normalof the objectat
point � (whereit is differentiable).

5.2 Dependencyon changesin the parameters

Wecanusethederivativesderivedin 4.2to determinetheoverallchangeof theprediction:

5 u � 5�|$������� y ��� �H ��� � H �"h {�} (6)

� �3�E����~�y ���<�H ���<� H �6h�{ 5Z�� ����� J�� B �&���<��� ! h B ��,&���<���"hz7L����� ��� BH ���<� H � 5Z�CB&�
Here u is viewed as function of the model parameters�@�*5 and ) and hence 5 u �� B �m���� 2E� 5'� B J �m���� � 5���5 B �"� J � N �m����@� 5Z) N and �e�� hasbeencalculatedin section4.2.

4Notethat � canhavediscontinuitiesfor � bi� �6� andthatwehaveto ensurethattheestimationis restricted
to valuesof non-vanishing� .

5Note,thats hasits maximumvaluein thedirectionof thespotgivenby
`
. For otherdirectionss declines

ascosineof theanglemultiplied by theconstant� ` �
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5.3 Gauss-Newtonmethod

If oneassumesnormallydistributederrorsin themeasurements,u theoptimalparame-
tersareestimatedassolutionof anon-linearleastsquareproblem.Wesolve thisproblem
usingtheGauss-Newton methodwhich is comparablyfastandconvergesrapidly (asour
experimentsconfirm). Themerit of this methodto our problemwasalsotestedindepen-
dentlyby datasimulatedwith Gaussiannoise.

Besidestheestimatedoptimumparametercombination,the methodalsodelivers � !
which weusein thestandardway to estimatetheagreementof thedatato ourmodel.

6 The Estimation Process

In this sectionwe describethe full estimationprocessin somedetail. The input for our
methodaretwo imagesof aknown objecttakenof theidenticalscene,onewith thepoint
light-sourceswitchedonandonewith it turnedoff. Figure1 demonstratestheprocesswe
outlinein thefollowing.

Figure1: Estimationprocess:Shown (left to right) aretheeffectiveonesourceimage,an
imageindicatingthegeometriccalibrationaswell astheareawheredatais acquiredfor
theestimation,andfinally thesyntheticimagerenderedusingtheestimatedparameters.� Effective one source image: In order to eliminateeffects of possiblycomplex

backgroundillumination,weusethe inverseresponsefunction[7] to transformthe
input imagesinto radianceimageswhich we canthensubtractfrom eachotherto
giveaneffectiveonesourceimage.� Geometriccalibration: To proceedfurther, weneedto find theposeof theknown
convex Lambertianobjectviewed. In this paperwe usethemodelof a cubewhich
naturallydefinesa coordinatesystem:we definethe origin to be the inner corner
viewedandusethe threeneighbouringcornersto introducethe unit basevectors:
Thefirst unit vectorasleadingfrom theorigin alongtheedgeto thetop-rightcorner,
the secondunit vectoras leadingto the top-left cornerandfinally the third unit
vectorasleadingto thebottomcorner. Notethatherewe introduceda lengthscale.

Thecalibrationis performedby manuallyclicking at thesevenvisible cornersand
the initial calibrationcanbe refinedusingsnakes [1]. The perspective projection
matrixcanbecalculatedfrom thecorrespondingpointsin therealworld andin the
image.At this stage,we know how to projectour modelinto the imagegeometri-
cally but do not yet know aboutthecorrectillumination.
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Object Light-model dir ection distance ��� normalised

cube(view 1) infinite distance � n$� � D��[� n[� DZD1�[� n$� � � �'� � � �
finite distance � n$� �
n'� � n[� D�� � � n$� ���8�
� � � �
� �
� �

Table1: Comparisonof theinfinite distanceestimationwith thefinite distanceestimation:� ! normalised is expectedto beapproximatelyone. Clearly thefinite distancemodelis much
moreconsistentwith thedata.� Sampling of radiance values: Using the known poseof the cubewe canrecord

the radiancevalueat eachpixel andassociateit with the correspondingsurface-
point and-normal.As indicatedin Figure1, we alsousethegeometriccalibration
to segmentneigbourhoodsof edgesin the image. We excludetheseregionsfrom
the light estimationto avoid errorsdueto imperfectionsof the real cubenearthe
edges6.

Notethateachnon-excludedpixel on thecubedeliversdatawhich canbeusedfor
thelight estimationandwe havea largedataset.� Light estimation: Our aim is to estimatethe parametersof an isotropic point
light-source. To initialise the non-linearfinite distancemodel we first solve the
linear leastsquareproblemfor theinfinite-distancelight model.Finally theGauss-
Newton methodis usedto estimatethe parameters.Table1 demonstratesthe im-
provementsachievedusingthefinite distancemodel. Note that thedirectionesti-
matedin thefinite distancemodelis differentfrom theonein theinfinite model.� Comparison with the original image: As is illustratedin Figure1, we cannow
proceedto rendera syntheticversion(usingray-tracing)andcompareit with the
actualinput image7. Figure2 highlightsthedifferencesbetweenoriginal andsyn-
theticimagesandthehistogramquantifiesthequality of theestimation.

7 Experimental Results

7.1 Experimental set-up

We usean inexpensive desktophalogenlamp (20W) as the light-source. As objectof
known geometry, we usetwo cubeswhich werecoveredwith paperof the sametype to
approximatehomogenousLambertianreflectance.The approximatedimensionsof the
cubesare9.5cm(referredto ascube) and13cm(referredto asCUBE). Thecubesarein
turn placedon a turn-tablewith a dark surfaceto avoid inter-reflections. (We usedthe
turn-tablelater (section7.3) for a consistency checkof positionsestimatedat different
rotations.) As recordingsystem,we usedthe video-camera(Sony DC-77RR-CEand
amplifier XC-77RR-CE)which can producea gamma-correctedsignal so that we did
not needto calibratethe cameraradiometrically, althoughthis could be easilydoneas
describedin [7]. We estimatedthe uncertaintyof the pixel-values,which is assumedin
ourmodeling)empiricallyto approximately8 (of 256).

6Recallthatthenormalfield hasdiscontinuitiesat theedges.
7Morepreciselywith theeffective one-sourceradianceimage.
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Figure2: Comparisonof original andsyntheticimages:The first imageshows the ab-
solutevalueof radiancedifferencesmultiplied by a factorof 30. In the ideal casethe
cubeshouldbeblack. Thesecondimageshows theradiancedifferencesmultiplied by a
factorof 20 andoffset by the radiancevaluecorrespondingto the displayedsquare.In
theidealcasethecubeshouldhave the intensityof thesquare.Thehistogramshows the
distribution of the differences.The x-axiscorrespondsto the radiancedifferenceandis
normalisedsuchthata valueof 1 correspondsto themaximumradianceobserved.

Object View � ! normalised � 24 2 4 H � H #
cube

� �Z� � n �@� � � D$�L� �Z�¡� �L��D � �'� � n$� �$� � n[� D��[� n[� �'�
� � � � D �¡��¢ J n �D �Z� n D �@� � � n �L� � � �3�L��D � �Z� � n$� � � � n[� � � � n[� �Z�Z� �£� � � � nZ¢ J n �� n[� � � �@��� � n �L��� � �[�L��D � �Z� � n$� �
�[� n[� �Z�$� n[� � � � � � � D � D ¢ J n �� n[� �8� �@��D � D$�L��� � �[�L� �
� � � � n$� �'D$� n[� �
�[� n[� �Z�Z� � � D �Z� � ¢ J n �
CUBE

� � � �Z� �@��� � n �L� n[� � �L� �
� �
� � n$� � D$� n[� D � � n[� �
�'� � � � �Z� � ¢ J n �D � �¤�Z� �@� � � �[�L� �Z� �[�L� �
� �'� � n$� �ZD$� n[� �'�$� n[� �'�
� � � n �Z�¤��¢ J n �� � � �Z� �@��D �¤� �L��D � �3�L� �
� D
� � n$� �
�[� n[�¡��n � n[� �'�
� � � � n[� �Z¢ J n �� � � �'D �@� �Z� �[�L��D �¡� �L� �
�¥� � � n$� � � � n[� �'�£� n[� �
�'� � � D n[� � ¢ J n �
Table 2: Resultsof the estimationfor the variousimages. � ! normalised is expectedto be
approximatelyone. Note that the variationsin

H � H aremuchlarger thenvariationsin 24 2 4
andhencethestrength# , which is correlatedto

H � H ! cannotbeestimatedveryaccurately.

7.2 Estimation of parametersand comparisonwith original images

We performedthe analysisoutlinedin section6 for four differentviews of both cubes.
Eachtime the turn-tablewas rotatedapproximately

� �Z¦ . The full estimationprocess
(codedin C++) takesabout10 secondsper imageon a Pentium-III 900MHz machine
without any particularoptimisation.Theresultsaredisplayedin Table28 andFigures3,
4. Note that the histogramsconfirm our assumptionon nearlyGaussianerrorsandthe
small valueof around2% for the standarddeviation meansthat the modelpredictsthe
intensitiessuccessfully.

8Thelargervalueof § d normalisedandoriginatespossiblyfromerrorsin thenon-perfectlyflat surfacesof CUBE.
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Figure3: EstimationResults(cube): Thefirst row shows theoriginal imagesof thecube
from the four differentviews. In the secondrow, the differencesof syntheticandreal
radiancevaluesare displayed(multiplied by a factorof 20 and offset by the radiance
of the squarearea). The histogramsshow the distribution of radiancedifferencesalong
with the total numberof pixels that wereevaluated( © ), the mean( ª ) andthe standard
deviation ( « ).
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Figure4: EstimationResults(CUBE): (Imagesasin Figure3 but for CUBE). Thestruc-
ture thatcanbeseenin thesubtractionimages(secondrow) andthepresenceof tails in
someof thehistograms(third row) indicatethat the surfacesarenot perfectlyflat. This
interpretationis in agreementwith thelargervaluesfor � ! normalisedin Table2.
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cube CUBE� �&¬ 032E­4 2 ­ 4 H ��¬ H � �&¬ 032E­4 2 ­ 4 H ��¬ H�®� � n � n[� � � �
� �
� � n$� � D£� n$� D � � n$� ���8� � � � �&� � D£� �Z�¡� �*D � �8� � n$� �$� � n$� D1�3� n[� �'�
� � � ��®� � D$� �Z� n � �
� �Z� � n$� � D£� n$� D � � n$� ���8� � � � �&� � �$� �Z� �[�*D � �'� � n$� �
n � n$� D1�3� n[� �Z�Z� �£� ���� � D$� n[� �[� �
� D
� � n$� � D£� n$�¥� �[� n$� ���8� � � � �&� �¥� �*D � n �*D � �Z� � n$� � � � n$� D � � n[� �Z�Z� � � ��&D � �[� n[� �$� �
� n � � n$� � �$� n$�¥� �[� n$� �
�'� � �¥� ��� � �$� �Z� �$�*D � n � � n$� � � � n$� D��[� n[� �Z�Z� � � �ª � n$� � D£� n$� D n � n$� ���8� � � � ª � n$� �
n � n$� D��[� n[� �Z�Z� � �¡�« � n[� nZn �3� n$� n D$� n[� n[� � n$� � « � n$� n
n'� � n[� n D£� n[� n[� � n[� �
Table3: Agreementof theestimationsin differentviews: Light positions� estimatedfor
differentviewsaretransformedinto thesamecoordinatesystemanddenotedby �&¬ . Values
in eachcolumnshouldagree.In thelowerhalf, meanandstandarddeviationof theabove
quantitiesaredisplayed.

7.3 Rotational consistencycheckand accuracy

In this sectionwe investigateif the estimationsperformedindependentlyfor eachview
agree. Moving the object in front of the fixed light-sourceis equivalentto moving the
light-sourcewith the objectfixed. To that extent we canusethe projectionmatricesto
extract the relative motion and this shouldenableus to transformall estimatesinto a
commoncoordinatesystemin which thepositionof thelight-sourceshouldbeinvariant.
First, from eachprojectionmatrix,we canextracta rigid-bodytransformation9:¯ �
	���
°	��
�"±<�
�²U± J´³ with ²µ9o¶·���'�(� ³ 9i	��

Next, we canexpresstherelative motionas
¯ B�N·� ¯ 0 �B¹¸ ¯ N which transformscoor-

dinatesof view º into coordinatesof view » . Table3 shows theresultof transformingall
light-estimationsinto thecoordinatesof thefirst image.

Furthermore,wecancombinetheestimationsto getanimprovedestimateonthelight-
sourceandto estimatetheuncertainty(table3). Notethatasanticipated,theuncertainty
in distanceis muchlargerthanin orientation.

8 Futur e Work and Conclusion

Weaimto extendtheanalysisdoneusingcubesto otherobjectslikecylindersandspheres
andalsoincludenon-homogenousandnon-Lambertianobjects.In a furtherstep,weplan
to implementtheestimationto non-isotropicsourcesasintroducedin section4.2.Finally,
it mightbepossibleto extendtheestimationto situationswheremorethanonebut asmall
numberof sourcesareto beestimated.

We have presenteda modelfor point light-sourceswhich allowedus to successfully
recoverthepositionof asourceanditsparameters.Aswehavedemonstrated,it is possible
andworthwhilefor many applicationsto work with a finite distancemodel. Themethod
is practicalin thatit doesnotdemandany specialimagingsystemor environmentandjust
oneimagewith a known objectis sufficient for theestimation.Thedirectcomparisonof
realimageswith imagesrenderedunderlinethepowerof themethodpresented.

9Weusethestandardmethodwhichcorrespondsessentiallyto aQR-decomposition.
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