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Abstract

Thispaper describesinitial work onafamily of projectivereconstructiontech-
niques that extract projection matrices directly and linearly from matching
tensors estimated from image data. The simplest methods use fundamental
matrices and epipoles, alternative ones use trilinear tensors. All of the data
is treated uniformly, and there is no reliance on ‘privileged’ images or to-
kens. The approach is based on ‘joint image closure relations — bilinear
constraints between matching tensors and projection matrices, that express
the fact that the former derive from the latter. The performance of the new
techniquesis quantified and compared with that of several existing methods.
Keywords: Multi-image Structure, Projective Reconstruction, Matching Ten-
SOrs.

1 Introduction

Most existing stereo systems use two carefully calibrated cameras and attempt to recon-
struct the scene from asingle pair of static images. Recently, it has become clear that the
redundancy offered by multipleimages can significantly increase the quality and stability
of visual reconstructions, aswell as extending their coverageto previously unseen parts of
the scene. Moreover, agreat deal of useful information — in fact the complete 3D scene
geometry modulo a single overall projective transformation — can be recovered without
any cameracalibration[3, 5, 10]. Thesefactorsareespecially relevant to applicationssuch
as geometric reconstruction for virtual reality or robot navigation, where many imagesare
needed to cover the scene and precise calibration is difficult owing to uncertain camera
motions, changesin internal parameters (focus, zooming) or the use of several cameras.
In response to these needs, there has recently been a significant amount of theoretical
work on the structure of multi-image projection and reconstruction [8, 7, 14, 13, 17, 1, 16,
6, 11, 12, 23, 20, 21, 2]. The problem turns out to have a surprisingly rich mathematical
structure, and several complimentary approachesexist. Thefield isdevelopingrapidly and
there is no space for acomplete survey here, so | will only mention afew isolated results.
Theepipolar constraint (the geometry of stereo pairs) hasbeen understood for quiteawhile
(e.g. cf. [4]). Shashua[16] and Hartley [8] developed the theory of the trivalent tensor
(three view constraint). Faugeras and Mourrain [6] and | [21] systematically studied the
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complete family of multi-image constraints (only one was unknown: a quadrilinear one).
Asameansto this, | developedthe‘jointimage’ pictureand atensorial approach to multi-
image projection: these nicely unify the geometric and algebraic aspects of the subject.
In retrospect, the joint image pictureis closely related to Sparr’s ‘ affine shape' approach
[17, 11]. For this paper, all we will need are fundamental matrices, trivalent tensors, and
a some basic joint image notions.

Our research group MOV has recently been developing severa families of projec-
tive reconstruction methods based on the joint image approach. The first set of methods
[18, 22] used ‘ projective depth recovery’ equationsto recover acoherent set of projective
scalefactorsfor theimage points. Thisgivesanimplicit reconstruction, which can be con-
cretized by factorizing the matrix of image pointsinto projection and structure matrices
by a process analogous to the Tomasi-K anade-Poelman factorization for affine structure
[19, 15]. Factorization-based methods give an implicit least squaresfit to al of theimage
data. They are simple and extremely stable, but have the serious disadvantage that each
point must bevisiblein every image (modulo * hallucination’ [19]). Thisispractically un-
realistic when there are many images covering a wide range of viewing positions.

This paper represents an attempt to overcome this problem. It describes a new fam-
ily of reconstruction methods that recover projection matrices directly and linearly from
estimated matching tensors, after which the scene structure can be recovered linearly by
back-projecting the image measurements. The projections are estimated using ‘joint im-
age closurerelations — bilinear constraints between projections and their matching ten-
sors, analogousto the depth recovery equations used for projective factorization, but with
projection matrices replacing image points.

The closure based reconstruction methods treat all of the images uniformly, so they
have the potentia to be significantly more stable than the commonly used approach of ini-
tially reconstructing from two images, and then reprojecting into the other onesto estimate
the remaining projection matrices. Onthe other hand, becausethey only usetheimagedata
indirectly via the matching tensors, they are not as stabl e as factorization based methods.
The suggestion is that they will prove good replacements for the ‘ stereo + reprojection’
methods — whose main application is probably to initialize more refined nonlinear |east
squaresiterations— but that when tokensare visiblein every image factorization will till
be the best linear method.

Therest of the paper outlinesthetheory of the closurerelations, describesthe resulting
reconstruction algorithms and their implementation, reports on acomparative experimen-
tal study of their performance, and ends with a short discussion.

2 Theory

This section sketches the theoretical background of multi-image reconstruction, and dis-
cusses the ‘joint image closure relations' on which the new reconstruction methods are
based. The theory is not difficult, but when more than two images are involved the equa
tions are hard to express without using tensorial notation. We will only use thisfor afew
identities involving the trivalent tensor, so you should be able to follow the paper without
it. An appendix provides an extremely brief sketch — see[21, 20] for more details.

We will work in homogeneous coordinates. Consider the image projection equations
\ix; = P;X. The 3 x 4 homogeneous projection matrices P;, i = 1,...,m, project
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a homogeneous world point X to its m homogeneous images x;, up to unknown scale
factors \;. A useful way to view this processis to stack the projectionsinto abig 3m x 4
‘joint projection matrix’ P and treat the rescaled image points as a 3m-component ‘joint
image space’ vector

P, A1xq
P = : PX = :

P,. AmXm

The joint projection can be viewed as a projective injection mapping the 3D world to a
3D projective subspace of the joint image space called the ‘joint image’ [21, 20]. The
joint image is afaithful projective copy of the world expressed entirely in image coordi-
nates. Projectionfromitintotheindividual imagesisatrivia forgetting of coordinatesand
scale factors. Projective reconstruction reduces to recovering the missing scales (‘ projec-
tive depths'), and is a canonical process up to the single overall choice of scales for the
projections P;. Thefour columns of the joint projection matrix form a spanning basis for
the joint image. The coordinates of a rescaled joint image point with respect to this basis
are just the reconstructed point’s homogeneous world coordinates. But neither the basis
nor the world coordinates are canonical: only the geometric position of the point in the
joint image is recoverable from the image data.

The above joint image geometry can be converted directly to algebra. The set of all
4 x 4 minors (submatrix determinants) of the joint projection encode the location of the
joint image — and hence the projective camera geometry — in a well-defined algebraic
sense: they are its ‘ Grassmann-Plucker coordinates'. In fact, the minors turn out to be
just the components of the matching tensors between the images. These generate the
multilinear constraints that tokens in different images must satisfy if they are to be the
projections of asingle world token, and they can also be used to transfer tokens between
images, for comparison or image synthesis. There are four basic types of matching ten-
sors: epipolese;;, fundamental matricesF;;, trivalent tensors G, and quadrivalent
tensors H; ;. These are formed from minors with respectively 3+1, 2+2, 2+1+1, and
1+1+1+1rowsfrom 2, 2, 3and 4 imagesi, j, k, 1 [16, 6, 21].

The ‘joint image closure relations’ that underlie the new reconstruction methods are
bilinear constraints between projection matrices and the corresponding matching tensors.
They guaranteethat the projections are coherent with the joint image subspace defined by
the tensors. Algebraically, they express the four-dimensionality of the joint image. The
simplest way to derivethem isto append any column of the 3m x 4 joint projection matrix
to the existing matrix, to form arank deficient 3m x 5 matrix. The5 x 5 minors of this
matrix vanish. Expand the minors by cofactors in the appended column: the coefficients
arematching tensor components— 4 x4 minorsof the original joint projectionmatrix. The
resultisab term bilinear tensorial relation between the entries of one column of the joint
projection matrix and the corresponding matching tensors. Closer examinationrevealsfive
basic types of relation. We will only use the smplest two here:

Fy P+ [en]xP2 = 0 F-e closure 1)
Gp, " PP 4 ) POr —Phrels = 0 e-G-e closure )

These relations provide constraints between matching tensors (which can be estimated
from the image data) and columns of the joint projection matrix. Equation (1) contains
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3 constraints of which 2 arelinearly independent, while (2) contains3 x 3 = 9 constraints
of which 3 are linearly independent. By accumulating enough of these constraints, we
can solve linearly for the four 3m-component joint projection columns, up to an overall
4 x 4 linear transformati on that amountsto ahomography of the reconstructed world space.
In other words, the constraints give the position of joint image — the 4D space spanned
by the columns of the joint projection. Given the projections, the scene reconstruction
can be completed by linearly back-projecting image structure into the world space, which
amountsto solving the linear equations

Xip A (PiXp) =0 ©)

for the world points X, in terms of their images x;, and the projection matrices P;.

A large number of closure constraintsis available— relating the projectionsfrom any
selection of 2-5images— but these are highly redundant and only asmall sample of them
need beappliedin practice. Thispaper considersonly the simplest possible methods, based
on minimal sets of constraints for the first two types of closure relation.

Note that the ‘ projective depth recovery’ equations used for projective factorization
[18, 22, 20] follow directly from the closure relations. Attaching a world point to each
projection gives bilinear relations between matching tensors and correctly scaled image
points:

F21 (>\1X1) + e A (A2X2) =0 (4)
Gp, M (MoxP2) — (\x™M) €S +est (Aax2) = 0 (5)

Giventhematching tensorsandimage points, the correct scalefactors (“ projectivedepths”)
can be recovered linearly using these relations.

Now consider the F-e closurerelations. Inmatrix form the compl ete set of constraints
between P; and P; can be written

(e, %) () =0

However only two of these six constraint equationsare linearly independent, so thereisno
need to include the second set of three equations. To fully constrain the projections, each
image (except the first pair) must be related to two previous ones. Once this is done the
m image constraint matrix generically has rank 3m — 4: its four dimensional null space
is exactly the joint image (the 4D space spanned by the projection columns). Any basis
for this null space provides four 3m-component column vectors that can be regarded as
the columns of areconstructed joint projection matrix. The freedomin the choice of basis
correspondsto a4 x 4 nonsingular mixing of the four columns. This just amountsto a
projective transformation of the reconstructed world coordinates.

Numerically, there are several ways to calculate the null space. The experiments re-
ported here find the singular value decomposition of the coefficient matrix and take the
eigenvectors of the smallest four singular values. Forming normal equations and taking
the smallest four eigenvectorsgivessimilar results. These methodsare very stableand can
easily handle redundant constraints, but they are rather slow when there are many images.
If aminimal set of constraintsisused (as here), the projectionscan a so be eval uated recur-
sively starting from two projections obtained by (say) SVD. Thisis essentially equivalent
to the full SV D-based method, but much faster.
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As an aternative to fundamental matrix based reconstruction, the e-G-e closure re-
lation gives atrivalent tensor based reconstruction method. Each instance of thisrelation
gives nine linear constraints relating three image projections. Three of these are linearly
independent, so it is enough to connect each image to two previousonesviaasingletriva
lent tensor. Once the constraint matrix has been built, the null spaceis estimated asin the
F-e case: indeed the two types of constraint can be freely mixed.

Thetrivalent tensor based method is slower than the fundamental matrix based one, but
significantly more stable. In particular, for acameramoving in astraight line, the funda-
mental matrices and epipoles of different images coincide. Thisis awell-known singular
case for epipolar line based token transfer, and the fundamental matrix based reconstruc-
tion method fails here too. In contrast, trivalent tensor based transfer and reconstruction
are well behaved, as is reconstruction by fundamental matrix based factorization. Basi-
cally, some sort of information about position along epipolar lines is needed to stabilize
the reconstruction: this can be provided by trivalent transfer, or by anchoring onto explicit
image correspondences.

The closure based reconstruction methods implemented here connect each image to
exactly two previousonesin achain. The following types of chain have been considered

e e0

F-e serial F-e parallel e-G-e serial

The serial F-e chain connects each image to the two immediately preceding ones, while
the parallel F-e chain connects each imageto thefirst two (and hence usesimages 1 and 2
as ‘key frames'). The serial e-G-e chain connects each image to the two preceding ones
using atrivalent tensor and two epipoles. Thetrivalent tensor used isthe onebased in (with
its covariant index in) the middle image of the triplet.

Finally, | have glossed over an important issue. The matching tensors have ‘ natural’
scalings resulting from their definition as minors of projection matrices, but these can not
berecovered whenthetensorsare estimated fromimagedata. Theclosurerelationsdepend
critically on having acoherent relative scaling for the matching tensors, so at least part of
the missing scale information must be recovered.

Thisis not conceptually difficult, but the implementation details are alittle messy. Ba-
sically there is one scale consistency constraint for each closed loop in the above chains.
Therearetwo possiblelinesof attack: (i) usethebilinear Grassmann relationsbetween the
matching tensors [20]; or (ii) enforce consistent projective depths using image measure-
ments. | have preferred the second approach. It issimpler, and on general groundsit ought
to be morestable asit islower order, closer to theimage data, and has built in redundancy.
The basic idea is to use the depth recovery equations (4) or (5) to propagate the projec-
tive depths of image points around each closed loop, and then to adjust the scale factor of
(one of) the matching tensors in the loop so that the closed-loop gain is unity (asit must
be for self-consistency). The relative scales of each fundamental matrix and its epipoles
must also be internally self-consistent, but this can be enforced by simple normalization
leij|leji] = 1, |Fyj|*> = 2 (with asuitable choice of signs).
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3 Implementation

Now we summarize the reconstruction algorithms, and discuss afew important implemen-
tation details. The F-e closure based algorithm has the following steps:

0) Extract and match features between images.

1) Standardize the image coordinates (see below).

2) Estimate fundamental matrices and epipol es connecting each imageto at least two pre-
Vious ones.

3) Correct the scales of the fundamental matrices and epipoles using (4), as discussed in
section 2.

4) Build the matrix of equations (1) and use SVD to find its 4D null space.

5) Extract the projection matrices from the null space column vectors.

6) Back-project and solve for 3D structure using (3).

7) Unstandardize the projection matrices (see below).

The trivalent tensor based algorithm follows the same pattern, except that: (i) both
point and line features can be used to estimate the trivalent tensors; (ii) equation 5 is used
to correct the trivalent scaling, and equation (2) to build the constraint matrix.

The current implementation uses linear methods to estimate fundamental matrices[9]
and trivalent tensors. With properly standardized coordinatestheseturn out to be very sta-
ble and surprisingly accurate. Using a nonlinear least squares iteration to refine the esti-
mates marginally improvesthe stability of (for example) the long serial chains of the F-e
method, but not enough to change the basic conclusions. Thelinear method for F includes
afina 3 x 3 SVD to enforce det(F') = 0 and calculate the epipoles. The epipolesfor the
e-G-e method are found from G 32“103 and the image data by using the e-G-e depth
recovery relation 5, taking the cross product with x4 to kill one of the three terms, and
factorizing. (The epipoles can aso be found bilinearly from G aone, but for maximum
stability | prefer to use alinear method based on the image data).

3.1 Image Standardization

To get accurate results from the above reconstruction algorithms, it is essential to work
in awell-adapted coordinate system. Thisis standard practice for numerical methods, but
it is particularly important when there are implicit | east-squares trade-offs between redun-
dant congtraints, ashere. |f somecomponentsof theinput vectorsaretypically muchlarger
than others— for examplewhen homogeneouspixel coordinates (z, y, z) ~ (10%,10%,1)
are used — some constraints have amuch higher implicit weight than others and this sig-
nificantly distorts the estimated solution. Hartley has underlined the importance of this
for fundamental matrix estimation [9], and it is equally true for reconstruction. Figure 1
shows the effect of standardization: pixel coordinates (scale ~ 256) give reconstructions
hundreds of times worse than well standardized ones (scale ~ 1). The error also rises
rapidly at scales below 10!, owing to (32 hit) floating point truncation error.

There are many possible standardization schemes, but in practice it makes little dif-
ference which is used. Here, the homogeneouspixel coordinates [0, 512] x [0,512] x [1]
are scaled uniformly into the unit square [—1,1] x [—1, 1] x [1], and then the resulting
3-component vectors are normalized to norm 1. Thisis easy to apply, independent of the
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Reprojection Error vs. Image Standardization Reconstruction Error vs. Image Standardization
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Figure 1: Mean reprojection and reconstruction error vs. image coordinate standardization.

image, and works equally well for visible points, line vectors and points (e.g. epipoles) at
infinity.

4 Experiments

To quantify the performance of the algorithms, | have run a series of simulations using
synthetic data. The algorithms have also been run successfully on hand-matched points
extracted from real images. An implementation on ‘live’ imagesisin progress.

Thesimulationsreported here are based on trial scenes consisting of random 3D points
intheunit cube. Theseare viewed by identical perspective cameras spaced evenly along a
90° arc of radius 2, looking directly at the centre of the scene. (These areideal conditions
for accuratereconstruction, but many other configurationshaveal so beentested, including
infinitesimal viewing angles and distant scenes with negligible perspective). When cam-
erasare added, their spacing is decreased so that the total range of viewing anglesremains
the same. To model uncertainty, the positions of the projected image points are perturbed
by uniform random noise. Mean-square (and median and maximum) 2D reprojection and
3D reconstruction errors are accumulated over 50 trials. The 3D error istheresidual after
projective aignment of the reconstruction with the scene. Unless otherwise stated, default
values of 10 views, 50 pointsand +1 pixel noise are used.

The new techniquesunder test arethe serial and parallel chain F-e closure, and the se-
rial chain e-G-e closure based methods. For comparison, several existing techniquesare
also shown. The ‘stereo + reprojection’ method simply reconstructs the scene from the
first two images, and then reprojects to estimate the projection matrices for the remain-
ing images. This can be very inaccurate, but it is often used in the literature to initial-
ize more refined reconstruction techniques (e.g. c.f. [14, 7]). The other techniques shown
are SV D-based projective factorization [18, 22] and a L evenberg-Marquardt-like nonlin-
ear least squares algorithm initialized from this.

Figure 2 summarizes the results. All of the methods scale linearly with noise level
and improve as more points are added. The simple * stereo + reprojection’ method rapidly
worsensasimagesare added, whiletheothersinitially improve. But only thefactorization-
based methods continue to perform well for 50 or more images. The serial chain F-e
method can only handle about 10 images, the parallel chain one 20, and the serial chain
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Figure 2: Mean reprojection and reconstruction error vs. noise, number of points and number of
views.

trivalent method about 30-40. The trivalent method is significantly better than the fun-
damental matrix ones, and parallel methods are consistently more stable than seria ones.
This suggests that the instabilities arising from solving long chains of equations are far
greater than any biasesintroduced by working from afew ‘key’ images.

Thefactorization method is notablefor being linear yet closeto optimal. Itisbased on
F-e depthrecovery (4) — essentially the same equations asthe F-e closure based method,
but applied directly to the image points rather than to the projections. Clearly, the direct
use of image data gives a significant improvement in accuracy. Unfortunately, the factor-
ization method is practically rather limited asit requires every token to be visiblein every
image: thisiswhy the closure-based methods were devel oped.
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TheF'-e closurebased techniquesfail when all of thecameracentreslieonaline, while
the e-G-e closure method seems to be stable whenever the camera centres are distinct.
However, dl of the techniques (but especially the fundamental matrix based ones) give
very poor resultsfor points near the axis of fronto-parallel motion, sincethereis no stereo
baseline on which to base reconstruction there.

5 Discussion

The closure relation based projective reconstruction techniques work reasonably well in
practice. They are more accurate than the common ‘reconstruct from 2 images and re-
project for the other projections paradigm, but they can not compete with projective fac-
torization in situations where features can be tracked through all the images. Thereis no
need to single out ‘privileged' features or images. However, short chains of closurerela
tions turn out to be significantly more stable than long ones, so in practice it is probably
sensibletorelateall of theimagesto afew ‘key’ ones. Thetrivalent techniquesare slower,
but significantly more stable than the fundamental matrix based ones.

Future work will implement the methods on real images, investigate fast recursive so-
lutions of the reconstruction equations, and study the stabilizing effects of incorporating
redundant constraints.

Appendix: Tensors

Tensors are just multidimensional arrays of components, direct analogues of vectors (1D
arrays) and matrices (2D arrays). For multi-index objectsit is easiest to write out the in-
dicesexplicitly, rather than eliding them asin the usual matrix-vector notation. Indicescan
belong to different spaces: world-spaceindicesare denoted a, b, ¢ . . . and image i indices
A;,B;,C; ... Abasicoperationis*contraction’ — dot-product or summing acorrespond-
ing pair of indicesover all their values. Contractionsare so common that summation signs
areelided: any repeated indicesin aterm are implicitly summed over. In projective space
each index comesin two varieties— covariant (subscript) and contravariant (superscript).
These have opposite transformation laws under changes of coordinates, and only contrac-
tionsover acovariant-contravariant pair are meaningful (coordinateinvariant). World and
image points have contravariant indices— x® and x“. Image projectionsare 3 x 4 ma-
trices P, The epipole of camera 1 inimage 2 is denoted e’l42 . The fundamental matrix
between images 1 and 2 is F 4, p,, and the trivalent tensor between images 2 and 3 based
inimage 1is G 4, 22¢=.
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